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We construct a homotopy calculus of functors in the sense of Goodwillie for the categories of ratio- 
nal homotopy theory. More precisely, given a homotopy functor between any of the categories of 
differential graded vector spaces {VQ), reduced differential graded vector spaces, differential graded 
Lie algebras {VQC), and differential graded coalgebras {VGC), we show that there is an associated 
approximating rational Taylor tower of excisive functors. The fibers in this tower are homogeneous 
functors which factor as homogeneous endomorphisms of the category of differential graded vector 
spaces. 

Furthermore, we develop very straightforward and simple models for all of the objects in this 
tower. Constructing these models entails first building very simple models for homotopy pushouts 
and puUbacks in the categories T>Q, VQC, and VQC. Also, we point out that the category VQ 
is equivalent to the stabilizations of the categories VQC and VQC. Derived from our models for 
homotopy pushouts and pullbacks in VQC and VQC are models for suspensions and loops in these 
categories. These functors in turn induce natural stabilization and infinite loop functors between 
the categories VQC (and VQC) and VQ. 

We end with a short example of the usefulness of our computationally simple models for rational 
Taylor towers, as well as a preview of some further results dealing with the structure of rational 
(and non-rational) Taylor towers. 
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Chapter 1 



Introduction 



The superficial goal of this work is the construction of a homotopy calculus of functors in the 
algebraic setting of rational homotopy theory. Numerous authors have already constructed such 
calculi on various different categories in various different settings (many of them even pleasantly 
algebraic - see [JM03a], [JM03b], [JM04], and [M02]). However, our motivation in the current work 
drastically differs from those of other authors. In particular, homotopy calculus of functors has 
generally been constructed in different categories in order to better understand the structures of the 
categories in question. Rational homotopy theory is already fairly well understood; our goal instead 
is to leverage our great understanding of rational homotopy theory in order to better understand 
homotopy calculus of functors itself. The current work is meant to be the first in a series which 
goes on to analyse the structure of the rational homotopy calculus of functors constructed here and 
then to extend this analysis to the much more complicated case of Goodwillie's homotopy calculus 
of functors on topological spaces. 

Since our eventual goal is to leverage our understanding of the structures of rational homotopy 
theory in order to better understand calculus of functors, the first half of the current work is largely 
devoted to building, organizing, and analysing these structures. In particular we wish to have very 
simple, explicit constructions of homotopy puUbacks and pushouts in rational homotopy theory as 
well as knowing that certain homotopy limits and colimits commute. Also we are interested in having 
a single associated stable category of "rational spectra." As a result, the first half of our work is 
essentially a very long and extensive exercise in homological algebra and model category theory. 

In the second half, we outline a construction of homotopy calculus of functors in the realm of 
rational homotopy theory. Using our nice models for loop, suspension, and homotopy pushouts and 
puUbacks from the first half, we are able to build very simple and pleasant models for approximating 
towers of rational homotopy functors. Much of this is actually quite standard and formally follows 
from Goodwillie's methods of [GUI] . The main departure which we make from Goodwillie occurs in 
our sections dealing with rational spectra. We do not define our category of rational spectra to be the 
immediate stabilization of either VQC or VQC, in particular our "5]°°" and "0°°" functors are not 
the canonical functors between a model category and its stabilization. A few slight modifications to 
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Goodwillie's methods are required to get around this. We end with an easy appUcation showing how 
having our particularly simple models can greatly simplify computations of rational Taylor towers. 
Also we give a short preview of some further results in the continuation of our program of study. 

As well as setting the stage for our later computations and results, our desire is for the current 
work to serve as both an introduction to the basics of rational homotopy theory for topologists as 
well as an introduction to the basics of calculus of functors for rational homotopy theorists. To this 
end, we have attempted to add enough background to our discussions to enable ready understanding 
for the neophyte in either theory. Our own experience has been that homotopy calculus becomes 
much more clear viewed through the lens of rational homotopy theory, and rational homotopy theory 
becomes miich more clear when it is dealt with in a very topological way (with model categories, 
homotopy functors, products, coproducts, loops, suspensions, and the like). 



1.1 Homotopy Calculus of Functors 

Homotopy calculus of functors is a way of analyzing homotopy functors. A functor F : A4 ^ M 
between two model categories is called a homotopy functor if it preserves weak equivalences. Given 
a homotopy functor between two suitably nice pointed model categories, say F : Top^ Top^, 
Goodwillie's homotopy calculus of functors (c.f. [GI], [GII], and [GUI]) constructs an inverse system 
(standardly called a "tower" ) of objectwise fibrations of homotopy functors 

^PnF^ >PiF^PoF 

along with natural maps F — > P„F which, under good circumstances, are of connectivity increasing 
with n (in which case we say that the tower "converges" to F) . The fibers in this tower are generally 
written DnF, and referred to as the nth homogeneous layers.^ The term calculus of functors comes 
in part from a curious analogy - the fibers DnF (in the case of F : Top^ T^op^) have the form 

DnF ~ r2°°(5"F(*) A (S°°X)^")^j,^ 

up to natural weak equivalence (where i9"F(*) is a spectrum with S„ action). This is analogous to 
the n*** summand 

(97(0) -x")/ ™! 

of the Taylor series approximation of the function / in ordinary calculus. Furthermore, each functor 
PnF in the tower of F is characterized by a property analogous to a property characterizing degree n 
polynomial functions (and P„F is furthermore universal among all functors satisfying this property 
and having a (weak) map from F). 

In keeping with this analogy, the functors PnF are referred to as the polynomial approximations 
of the functor (and considered to be analogous to the n**^ partial sums of the approximating Taylor 

^DnF is the fiber of the map PnF — > P„_iF 
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series of a function),^ and the spectra are referred to as the derivatives of the functor 

(analogous to the derivatives of a function) . 

Of particular interest is the Taylor tower of the identity functor 1 : Top^ Top_^. Unlike in 
ordinary calculus, the identity functor in homotopy calculus is not linear - in fact, it has an infinite 
approximating tower nontrivial at every level. The spectral sequence associated to the approximating 
tower of the identity functor evaluated at a space X begins with the homotopy of a sequence of infinite 
loopspaces and converges to the homotopy of X. The tower of the identity functor thus 

becomes a useful tool for the understanding and computation of homotopy groups. The derivatives 
of the identity functor were first computed by Johnson in her thesis [J95] and a reformulation of 
her answer was later given by Arone and Mahowald [AM99]. In particular, Arone and Mahowald 
were able to gain information about the groups, tt, (I?,1(S'")) which make up the tower's spectral 
sequence in the case X = S"^ . Even without knowing the differentials in the spectral sequence, they 
were then able to draw a number of conclusions about the periodic homotopy of spheres. 

Note that the constructions and universal properties of the approximating Taylor towers of 
functors F are all "derived" constructions and properties. That is, given a homootopy functor 
F : M ~* TV, the constructions of Goodwillie build an approximating tower of homotopy functors 
AA J\f, but the universal properties which characterize this approximating tower are all properties 
in the homotopy category of homotopy functors ^ TV - in fact, the tower only even approximates 
F in the homotopy category.'^ In particular, any other tower of functors which is naturally weakly 
equivalent to the tower constructed by Goodwillie is also an approximating tower of the functor. 
Also, any two towers related by zig-zags of natural weak equivalences (for example the approximating 
towers of two different functors which are related by a zig-zag of natural weak equivalences) are 
viewed as being the same. 

When doing computations, therefore, there comes a time when one must face the question of 
which models to choose. For example, it matters which models one uses for homotopy limits and 
colimits when constructing approximating towers, because different models for holim and hocolim 
yield different models for the polynomial approximations in the tower. There is no difference be- 
tween the homotopy of the different models, but there may be a vast difference between the ease 
of computation with (and understanding of) the different models. Similarly the properties charac- 
terizing the derivatives of a functor 9"F(*) only determine them up to (weakly) equivariant weak 
equivalence. Goodwillie gives a specific construction which yields S„-spectra satisfying the universal 
properties of the derivatives of a functor; but again the result depends on the models for holim and 
hocolim which were chosen as well as (for more general model categories A4) the method that has 
been chosen to stabilize Ai in order to create a category of associated spectra, and the models chosen 
for the functors S°° and 0,°° to and from this associated category of spectra. 

The desire to use the simplest possible models in order to gain the computationally cleanest 
formulations drives most of our constructions in this work. 

^The fibers D„F are called "homogeneous" because they are analogous to the homogeneous polynomial summands 
of the Taylor series approximation of a function. 

^The situation is similar to that of homotopy limits and colimits. 
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1.2 Rational Homotopy Theory 

Rational homotopy theory is the study of spaces up to rational homotopy equivalence. The theory's 
roots lie in a geometric construction by Sullivan in the 1960's that, given a simply connected space 
X, builds a rationalization of that space Xq, whose homotopy and homology groups are those of X 
modulo all torsion. Furthermore, given a continuous map of simply connected spaces f : X ^ Y, 
he builds a rationalization fq : Xq Yq. In more modern terms, there is a localization functor 
Lhq which localizes Top with respect to the homology theory iJ, (— ;Q). The rational homotopy 
of spheres is very simple odd spheres have only one nonzero rational homotopy group, and even 
spheres have only two (a generator and its Whitehead square). A result of this is that one is able 
to compute the rational homotopy of a cw-complex from its cellular chain complex. Dually, the 
rational homology of the classifying spaces K{Q, n) is very simple - for odd n there is only trivial 
homology group, for even n homology is trivial except in dimensions kn. Due to this, one is able to 
compute the rational homology of a space from its rational Postnikov tower. 

In [Q69] Quillen extends this theory by noting that, from the point of view of homotopy, the 
category Topq of rational, simply-conected spaces is naturally equivalent to either the category of 
differential graded coalgebras (VQC) or the category of differential graded Lie algebras (VQC). The 
precise form of this equivalence is as a chain of Quillen equivalences between simply connected 
spaces, VQC, and VQC. The dgc corresponding to the rational simply-connected space Xq has 
the property that its homology is equal to the homology of Xq, while the homology of the DGL 
corresponding to Xq is equal to the (shifted) homotopy of Xq (with Lie brackets corresponding 
to Whitehead products). Replacing Topq by VQC or VQC transforms the topological problem of 
classification of spaces up to homotopy into a purely algebraic problem. In general, the very difficult 
problems of homotopy theory (such as homotopy of spheres) tend to become solvable in the realm 
of rational homotopy theory. 

Our conceptual view is that rational spaces Xq have two incarnations - as a dgl and as a dgc. 
The associated dgl of a space is the "homotopy friendly" incarnation, the associated dgc of a space 
is the "homology friendly" incarnation. 

Computations in rational homotopy theory are generally not made using either DGCs or dgls 
but rather using the differential graded algebras of piece- wise linear differential forms of Sullivan (see 
[FHT] or [GM]). For finite complexes, dgas and DGCs are precisely dual and the two approaches are 
equivalent. However, we would like to couch our constructions in terms of model category structures 
and Quillen equivalences. Also, for our constructions to be as natural and general as possible, we 
do not wish to be hampered by finiteness concerns. For these reasons, our work will all occur in the 
setting of Quillen's model categories VQC and VQC. 

1.3 Rational Homotopy Calculus 

We will construct a "rational" homotopy calculus for homotopy functors between the model cate- 
gories VQ, VQr, VQC, and VQC. The categories VQC and VQC are our categories of rational spaces. 
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The category VQ is our category of "rational spectra" - it is equivalent to the stabilizations of VQC 
and VQC as well as to the HQ-localization of Spec the category of spectra. Objects in VQr are 
"connective rational spectra." 

In his overview of homotopy calculus of functors, Kuhn notes that the constructions of Goodwillic 
in [GUI] formally extend to any simplicial model category which is (loft) proper and has very 
small homotopy limits commuting with filtered homotopy colimits (see [Kuhn §3]). The simplicial 
enrichment is used largely for the convenience of implying the existence of canonical homotopy 
limit and colimit functors (defined as ends and coends) as well as a canonical suspension functor 
(simplicial tensor with the simplicial S^) yielding canonical stabilizations (see [HoOl] and [S97]). 

The categories VQ, VQr, T>OC, and VQC all satisfy the requirements Kuhn sets out. In particular, 
Hinich constructs in [Hi97 4.1.1 and 4.8] and [HiOl 3.1] simplicial enrichments of the model categories 
VQC and VQC. Following Kuhn's arguments, we can therefore construct a homotopy calculus for 
functors between any two of the categories VQ, VQr, VQC, and VQC. That is, we may construct 
universal towers of approximating polynomial functors associated to any functor between VQ, VQr, 
VQC and VQC. Furthermore, if the domain and range of F are the same (say, F : A4 ^ M) then 
the homogeneous layers of its approximating tower will have the form 

D^F{X) c ^%{dnF®{T.%^Xr'^)^^^ 

where is a A^-spectrum with S„-action (i.e. a S„-diagram in the stabilization of M. with respect 
to the canonical suspension), ® is the symmetric monoidal product in the category of A4-spectra 
induced by the smash product of simplicial sets, and and are the associated canonical 
Quillen adjoint pair between M. and the stabilization of M.. 

For our purposes this approach suffers from a few deficiencies. One minor deficiency is that the 
canonical homotopy limits and colimits in the categories VQC and VQC arising from the simplicial 
enrichment of Hinich are rather difficult to write out and compute with and also are larger than we 
would like. In fact in each of the categories VQ, VQ^, VQC, and VQC there is an alternate model 
for homotopy pushouts and pullbacks in particular which is smaller and easier to work with than 
the canonical model. 

Another deficiency is that using the canonical constructions of Kuhn, it is not clear what rela- 
tionships will hold between the different calculi constructed. Our conceptual view is that VQC and 
VQC are merely two faces of the same category, so we would like to have a unified theory which dis- 
criminates as little as possible between the functors whose domain is VQC and those whose domain 
is VQC. Similarly for functors whose range is VQC and those whose range is VQC. In fact, we would 
like a theory which is compatible with all of the natural Quillen functors between VQ, VQr, VQC, 
and VQC. 

Finally it is unclear what to say about the structure of homogeneous frmctors which do not have 
the same domain and range, since the definitions of the canonical categories of spectra are different 
for each of VQr, VQC, and VQC. 

Our work wil avoid these concerns by relying on our own explicit constructions of homotopy 
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limits and colimits in the categories "DQ, VQj., VQC, and VQC. Also we will give our own explicit 
construction of a homotopy calculus of functors between these categories. 

1.4 History — Jets and Rational Homotopy Calculus 

Recall that the homogeneous layers of the Taylor tower of a functor F (at the space *) are each 
determined by a spectrum d"F{*) with E„-action. In general knowing the symmetric sequence 
of all of the derivative spectra of a functor {9"F(*)}„>o is not enough to determine the functor's 
Taylor tower since the tower could have nontrivial fc-invariants. This stands in sharp contrast to 
standard calculus, where (for good functions) knowing the collection of derivatives of a function 
is equivalent to knowing the Taylor series of the function. Speaking metaphorically, the failure of 
homotopy calculus to simplify in this way is clue to the existence of "nontrivial ways of adding" the 
homogeneous layers to make approximating polynomials. 

It has been conjectured and expected for some time that the fc-invariants of the Taylor tower 
of a functor were themselves determined by a series of natural, equivariant "structure" maps be- 
tween (some models for) the derivative spectra of the functor. While there were simple arguments 
displaying such maps in the homotopy category, it was not clear how to explicitly construct them. 
Also, it was not clear what kind of equivariance properties the structure maps should satisfy or what 
coherence relations should exist between the structure maps. 

Our convention has been to say the "jet of F" to mean the (conjectural) natural object consisting 
of the symmetric sequence of derivatives of the functor F along with all of the necessary extra 
structure (maps between the derivatives) required to recover the Taylor tower of F. More generally 
we say the "n-jet" of F for the jet of P„F. Note that the structure maps making up the jet of 
a functor induce all of the differentials in the associated spectral sequence of the approximating 
Taylor tower of the functor. Furthermore, it is conjectured that a chain rule in homotopy calculus 
of functors will then be given in terms of jets by a statement of the form 

"Jet of (F o G) = (Jet of F) (g) (Jet of G)" 

structure 
maps 

In fact, recent work by Michael Ching [COS] strongly suggests that the information encapsulated 
by a jet is precisely the information given by a symmetric sequence being a module over the Lie 
operad [MSS 1.13 and 1.28] (along with a little more structure in the non-rational case). 

The current work rose out of a long-running project to investigate the existence and properties of 
the structure maps making up the jet of a functor. Our desire was to look first in rational homotopy 
calculus of functors where the objects and towers of homotopy calculus may be given a (relatively) 
simple, algebriac form. There arc particularly simple constructions of homotopy pullbacks in the 
category VQC and homotopy pushouts in the category VQC. Using these constructions we were able 
to make very simple models for homogeneous functors VQC VQL and this allowed us to make 
great headway in the analysis of polynomial functors VQC — > VQC. 
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However, proving that our constructions of homogeneous functors and decompositions of the 
approximating towers to homogeneous parts were correct required us first to show that our simple 
models for homotopy puUbacks and pushouts were correct, as well as that certain maps and objects 
in the approximating tower could be given certain nice models. To show that our homotopy puUbacks 
and pushouts were correct, it was easier to use a comparison to homotopy puUbacks and pushouts 
in T>Q than a comparison to the canonical homotopy puUbacks and pushouts in VQC and VQC 
Furthermore, upon completing our construction and verification of homotopy puUbacks in VQC and 
homotopy pushouts in VQC it became apparent that a slight modification would also give homotopy 
pushouts in VQC and pushouts in VQC. 

Proving that our models for the objects and maps in the approximating towers of functors 
VQC VQC were correct amounted to stepping through Goodwillic's work, replacing proofs and 
constructions where necessary to show that our specific models satisfied the required properties. 
Upon completing this, it became apparent that the same methods would work to give a pleasantly 
unified theory of approximating towers for functors VQC — > VQC, VQC — > VQC, and VQC — > VQC 
as well.* 

The current document is composed of all of this preparatory work as well as introductions to the 
categories VQ, VQC, and VQC and a (brief) introduction to rational homotopy theory. 



* Unified in the sense that homogeneous functors between all of the above categories factor simply and explicitly 
through homogeneous endomorphisms of a single stable category "DQ — + TiQ. 
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Chapter 2 

Prerequisites 



In this chapter we will give a brief review of the areas of model category theory most critical to our 
work. The following material comes primarily from [Q69], [BK72], [Hir], and [DHKS]. For a more 
in-depth description of modern model category theory see [Hov] , [Hir] , and [DHKS] . 

2.1 Limits and Colimits 

We begin by recalling the definition of limits and colimits in a category from [DHKS, §19]. Given a 
category C and a small category I, an X-diagram in C is a functor 2) : X — > C 

Definition 2.1.1 (Limits and Colimits). Let X be a small category. An I-limit functor on C is 
a right adjoint limj to the constant diagram functor c : C ^ C-'- } 

Dually, an I-colimit functor on C is a left adjoint colimj to the constant diagram functor c : C — > 

A category is called complete if X-limit functors exist for all small categories X, and cocomplete 
if X-colimit functors exist for all small categories X. We will standardly suppress the X and C in our 
notation and write simply lim and colim. Note that if 2) : X ^ C is an X-diagram in C then lim('D) 
(if it exists) is the final object in the comma category (c I 2)) of objects over the diagram T>. Dually, 
colim(2)) (if it exists) is the initial object in the comma category (D J, c) of objects under D. 

It is a standard result that if B and C are categories with adjoint functors F : B C : U then 
colimits are preserved by the left adjoint and limits are preserved by the right adjoint. That is, if 
D : X — > B is a diagram in B such that colimB(D) exists then colimc(FD) exists and is isomorphic 
to F(colimB(D)); dually for limits. 

A common way of showing that a category C has limits and colimits is to show that the cat- 
egory has products and coproducts of all small collections of objects as well as all equalizers and 
coequalizers. Limits and colimits are then constructed as follows: 
^This is sometimes called the "inverse limit" lim D. 
^This is sometimes called the "direct limit" lim D. 
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Theorem 2.1.2 ([ML98, V.2.2]). Suppose thatC is a category with small products and coproducts 
as well as all equalizers and coequalizers. IfD -.1 ^ C is a small diagram in C then 

• lim(2)) exists and is given by the equalizer 

limp) — ^ n ^(^) =^ n ^(^) 

where (j) is given by the projections pr^ <p ■ Yii ^(*) ~* ^0) — "^i^) '^"'^ V' given by the 
projections pr„ V' • Hi ^(*) ~* ^(^) 

• coliin(D) exists and is given by the coequalizer 

TT D(j)^^TT2)W ^colim(2)) 

— ^ th 

where (j) is given by the components (pa- '■ — 23(A:) —* Yii ^(0 given by the 

components ^a- '■ I'(j) — » lJiei-^(0 

2.2 Model Categories 

The usual modern definition of a model category is as follows [Hir, 7.1.3]: 

Definition 2.2.1 (Model Category). A model category is a category along with three dis- 
tinguished sub-classes of maps called weak equivalences (W), fibrations {J'), and cofibrations (C) 
satisfying the following axioms; 

Ml: M is complete and cocomplete. 

M2: W satisfies the two out of three property (i.e. if two of /, g, and fg are in W then so is the 
third). 

M3: W, 5", and 6 are closed under retracts.^ 

M4: Cofibrations have the left lifting property with respect to trivial fibrations (fibrations which 
are weak equivalences), and fibrations have the right lifting property with respect to trivial 

^The map / is a retract of g if there is a commutative diagram 

1 

X ^^^A^ X 
j/ js j/ 
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cofibrations.^ 

M5: Maps in A4 may be functorially factored both as cofibrations followed by trivial fibrations and 
as trivial cofibrations followed by fibrations. 

This is a slight strengthening of the axioms originally presented by Quillen in [Q69] in that (Ml) 
requires the existence of all small limits and colimits rather than just finite limits and colimits, and 
(M5) requires that factorizations are functorial rather than just asking that they exist. 

We indicate that a map is a fibration by decorating its arrow as and we indicate cofibrations 
with the decoration The "correct" way to compare two model categories is with a Quillen adjoint 
pair of functors. The following definitions are taken from [DHKS 14.1, 17.3]: 

Definition 2.2.2 (Quillen Adjoints). An adjoint pair of functors between two model categories 
F : ^ A/" : f/ is a Quillen adjoint pair if F preserves cofibrations and trivial cofibrations and U 
preserves fibrations and trivial fibrations.^ 

Remark 2.2.3. If the right (or left) adjoint of an adjoint pair of functors satisfies the above re- 
quirement, then the left (or right) adjoint will as well. 

An object X in a model category ^4 is called fibrant if the map X — > 1 to the final object is a 
fibration. X is called cofibrant if the map ^ X from the initial object is a cofibration. The full 

subcategories of fibrant and cofibrant objects in A4 play a critical role. The standard notation is 
to write Aif, Aic, -^fc for the full subcategories of A4 consisting of all fibrant objects, all cofibrant 
objects, and all fibrant and cofibrant objects respectively. If X is an object of A4 we write Xf and 
Xc for the fibrant and cofibrant replacements of X furnished by axiom (M5): X ^ Xf —» 1 and 
O^Xc^X. 

The general goal of imposing a model category structure on a category At with weak equivalences 
is to aid us in discussing the homotopy category of At. If A1 is a category with weak equivalences, 
then its homotopy category is Ho{Ai), the category obtained by formally inverting the weak equiva- 
lences. Given Al and A/" two model categories with a Quillen adjoint pair of functors between them, 
their homotopy categories are isomorphic Ho{M.) = Ho{N) if the Quillen pair is also a Quillen 
equivalence. 

Definition 2.2.4 (Quillen Equivalence). A Quillen adjoint pair F : M : U \s & Quillen 

equivalence if for all A G A(c and Y G A^f we have FX — > K a weak equivalence if and only if 
X UY is a weak equivalence. 

^We say / has the left lifting property with respect to g and g has the right lifting property with respect to / if for 
every commutative square diagram as indicated by the solid arrows below 

X 

there exists a lift h : B X. 

^By "preserves cofibrations" we mean that the functor takes cofibrations to cofibrations; similarly for "preserves 
trivial cofibrations" , "preserves fibrations" , etc. 
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2.3 Homotopy Limits and Colimits 
2.3.1 Definition 

Throughout this work wc wiU be very interested in functors which preserve weak equivalences. We 
standardly refer such functors as "homotopy functors."® 

Given a model category M, we cannot expect limits and colimits to be homotopy functors. That 
is, given two X-diagrams Di, D2 : X — > with a natural transformation / : Di — > ID2 which sends 
objects of X to weak equivalences in M. (such a natural transformation is called a natural weak 
equivalence) or more generally a zig-zag of natural weak equivalences Di ■ ■ ■ <— ^ D2 there is no 
guarantee of a weak equivalence or even a zig-zag of weak equivalences between lim(Di) and lim(D2) 
or colim(Di) and colim(D2). 

Homotopy limit and colimit functors are defined in such a way as to be the best remedy of this 
defect. In particular they are determined by three properties 

Definition 2.3.1 ([DHKS, 19.2]). A homotopy I-limit (and T-colimit) functor on a model cate- 
gory M. is & functor holim^ : JvF — + M. (and hocolimj^ : JvF — > M.) satisfying: 

1. holim"^ (and hocolim"^) takes natural weak equivalences of diagrams M-'- to weak equivalences 
in M. 

2. There is a natural transformation e : lim"^ holim"^ (and e : hocolim"^ colim"^). 

3. holim"^ is homotopically initial (and hocolim"^ is homotopically final) among all functors satis- 
fying (1) and (2). 

By homotopically initial (dually homotopy final) in the above definition we essentially mean 
"initial up to zig-zags of natural weak equivalences" . More specifically: 

Given a category C, recall that cq £ C is initial if there is a natural transformation of functors 
C^C 

CStco Ic 

between the constant functor cstco : c 1— > cq and the identity functor on C, such that /(cq) : cq ^ cq 
is the identity map of cq. If C has a good class of weak equivalences (see [DHKS] 26.2), then we say 
Co is homotopy initial if there is a zig-zag of natural transformations of functors C — > C 

CSteo---Fo ^Fi---lc 

where the "• • • " stand for zig-zags of natural weak equivalences and /, while not a natural weak 
equivalece, is at least a weak equivalence on cq - i.e. /(cq) : -fo(co) ~— ^ -F'i(co). [This last requirement 
ensures that evaluating the zig-zag at cq gives a zig-zag of weak equivalences from cq to itself.] 

Write (lim"^ J, J^^{C-'- ,M)) for the category of functors satisfying (1) and (2) - i.e. homotopy 
functors under lim"^. Morphisms in this category are natural transformation triangles and weak 
^Another common description is to say the functor "reflects" wecik equivalences. 
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equivalences are natural weak equivalences after forgetting the transformations from lim"^. The 

functor holim'^ : C-^ —> M is homotopically initial if there is a zig-zag of natural transformations of 
functors (lim^ i T''{C^,M)) — > (1™^ i T''{C^,M))- 

f 

CStholim^ ■■■Fo ^ Fi--- l(iim3:4:r'.(MX,M)) 

where cstjjoijjjjX : (lim"^ | J-'^ {C^ , M.y) — > (lim"^ J, J-''^ (C-^ , A4)) is the constant functor on holim"^ 
and l(iim^j,:F'>(A42: ^j-j is the identity functor on the category (lim"^ J. J^'^ {^A-'■ , M)) , the "■ • -"s are 
zig-zags of natural weak equivalences, and / may not be a natural weak equivalence but at least 
/(holim"^) is a natural weak equivalence. 

The notion of homotopically terminal is dual. 

Remeirk 2.3.2. Given a diagram D the homotopy limit in general does not have a natural map 
holimD —> D; unlike the limit which does come with a natural map lim2) — > D. Similarly, the 
homotopy colimit does not in general have a map D hocolimD. 

2.3.2 Homotopy Limit and Colimit Functors 

Existences of Homotopy Limits and Colimits Dwyer, Hirschhorn, Kan, and Smith prove: 

Theorem 2.3.3 ([DHKS, 20.2]). All homotopy 1 -limits and T- colimits exist for all model cate- 
gories M. - i.e. model categories are both homotopically complete and homotopically cocomplete. 

This is proven by identifying certain full subcategories of the category of all I-diagram func- 
tors A^-^. These subcategories are called (Al'^)vc the virtually- cofibrant diagrams and (A^'^)vf the 
virtually- fibrant diagrams, and satisiy the following properties [DHKS 20.5]: 

(i) There exist "virtually-cofibrant replacement" and "virtually-fibrant replacement" functors 
(-)vc : M-'' — » (A^"^)vc and (-)vf : M'' — > (Al-^)vf equipped with maps 

Dvc ^ D and D 

which are natural in D. 

(ii) \{ F : M J\f : U is a, Quillen adjoint pair then the induced pair F-'' : M''' ^ : IJ-^ has 
the property that 

• F^ preserves virtual-cofibrancy and weak equivalences of virtually-cofibrant diagrams. 

• If-'' preserves virtual-fibrancy and weak equivalences of virtually-fibrant diagrams. 

(iii) The colimit and limit functors on M preserve weak equivalences of virtually-cofibrant diagrams 
and virtually-fibrant diagrams respectively. 

Homotopy limit and colimit functors are then given by the compositions: 

holim^(-) := lim^(-)vf and hocolim54(-) := colim^(-)vc 
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Note that in general Quillen adjoint pairs do not preserve homotopy limits and colimits. Recall 

that Quillen adjoints arc not required to preserve all weak equivalences, thus the composition of 
a right adjoint and homotopy limit will likely no longer be a homotopy functor and so has little 
hope of being a homotopy limit functor. However, if a Quillen adjoint pair happens to have the 
property that each functor preserves all weak equivalences^ (and not just weak equivalences which 
are either fibrations or cofibrations) then it follows immediately from [DHKS, 20.4] that it also 
preserves homotopy limits and colimits: 

Lemma 2.3.4. IfF : M.'^ N :U is a Quillen adjoint pair between model categories and U preserves 
weak equivalences, then there is a zig-zag of natural weak equivalences between the compositions 
U holim^ : J\f-^ —>■ M. and holim^ U : — > M. where holim^ and holim^ are any X-holim 
functors on Af and M respectively. Dually for homotopy colimits. 

Given functors such as the above, which commute (up to zig-zags of natural weak equivalences) 
with holim or hocolim functors, we say that they preserve homotopy limits or preserve homotopy 
colimits. 

Again, we standardly omit the X in the holim and hocolim notation. 

Canonical Homotopy Limits and Colimits In our later work we require actual explicit models 
for homotopy limits and colimits in certain categories. In particular, we need to make statements 
about the structure of homotopy puUbacks and pushouts; for example, loops and suspensions. In 
order to construct homotopy limit and colimit functors, we use generalizations of the homotopy 
limit and colimit functors originally defined by Bousfield and Kan for the categories sSets and Top 
of simplicial sets and topological spaces (based or unbased) . The following constructions essentially 
come from Bousfield and Kan [BK72] and Hirschhorn [Hir]:* 

Lemma 2.3.5 ([Hir, 18.1.8, 18.1.2]). Let C be one ofsSets*, Top^, sSets, or Top andT) : I — > C 
be a diagram in C. 

• A homotopy limit of D is given by the equalizer 

holim(D) ^ H D(z)B(^W ^ Yl 2)(j)^(^W 

iel ^ (CT:i-»j)eI 

where (j) is given by the projections 

and tp is given by the projections 

'^Note that this is not enough to imply that the Quillen pair is a Quillen equivalence; though all Quillen equivalences 
have this property. 

^Compare to 2.1.2 and 2.1.1. 
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• A homotopy colimit of T) is given by the coequalizer 

H 2)(i)®B(jiJ) 

where is given by the components 

<l>, : B(i i I) D{j) ® B(j I J) ^ ]J(. . . ) 

and is given by the components 

V'a : B(j i I) ® B(z j I) ^ [](... ) 

Lemma 2.3.6 ([BK72, XI 3.3, XII 2.2]). Let C be one ofsSets^, Top^, sSets, or Top. 

• A homotopy limit functor hocolim : C-^ — > C is given by a right adjoint of 

i-):C ^C^ 

the functor X^X® B(J i -) e . 

• A homotopy colimit functor hocolim : C-^ — > C is given by a left adjoint of 

homc(B(Ji -),-) -.C^C^ 
the functor X ^ hom(B(J [ -), X) e . 

In the above constructions (X [ i) means the comma category of objects over i {k <E X with a map 
k ^ i), and (z J, I) means the comma category of objects under i {k £ X with a map i —> k); the 
functor B(— ) takes the nerve of a category if C = sSets and the reahzation of the nerve if C = Top; 
and the operation "(g)" is x of simplicial sets or spaces or else half smash (i.e. — A (— )+) if C is 
based; and X^ = hom(y, X) is an object of C (the possible categories for C are all enriched over 
themselves). 

Note that we may make sense of the these constructions in any category which is simphcially 
enriched.^ Furthermore, it is standard that given such a category, these constructions define homo- 
topy hmit and coUmit functors. If is a model category enriched over sSets then these are called 
the canonical homotopy limit and colimit functors in A4. 

^See [Hir Ch. 9] for a discussion of simplicial model categories. Basically a simplicial enrichment on C consists of 
the extra structure of: 

• Extensions of morphism classes to simplicial sets Map(X, Y), £ sSet with Map(X, y)o = Morc(X, Y). 

• A simplicial tensor functor X ® K £ C for X £ C, K £ sSet. 

• A simplicial mapping functor X^ 6 C for X E C, K £ sSet. 
satisfying all of the desired composition and compatibility conditions. 



W^'D{i)®B(i IX) ^ hocolim(D) 
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Creation of Homotopy Limits and Colimits We will give two theorems - 4.2.7 and 5.2.7 - 

which are essentially both applications of a general theorem about creating homotopy limits and 
colimits in one model category from those of another model category by using Quillen adjoint pairs 
between the two model categories: 

Theorem 2.3.7 (Creation of Homotopy Limits and Colimits). Let F : A4 ^ Af : U he a 

Quillen adjoint pair sueh that U detects weak equivalences of maps between fibrant objects^'^ and let 
holim^vi be any X -homotopy limit functor on M. Suppose L : Aff is a homotopy functor from 

X-diagrams in M to TVf such that for all X-diagrams T) : X ^ J\f it satisfies 

• U{L{D)) = holimMU{T>). 

• L is equipped with natural maps e : limjv'2) — > L{D). 

• Ue is the canonical map limx U{D) holim^ U{D). 

Then L is an X-homotopy limit functor on Af. 
Dually for homotopy colimits. 

We save the proof of this theorem for the specific cases 4.2.7 and 5.2.7 to be mentioned later, 
where it is more illuminating. 



2.3.3 Commuting Homotopy Limits and Colimits 

Given a diagram T> : X xj^ A4 we may view "D as a diagram of diagrams in two ways - either as 
T) : J ^ M.^ (a jT-diagram of Z-diagrams) or else T> : X ^ M'^ (an Z-diagram of jZ-diagrams) . 
Given j ^ J and i G X consider the corresponding homotopy limit and colimit of the diagrams 
D(j) : X ^ M. and D(i) : J ^ M.. These are called the "homotopy limit over X x j" and the 
"homotopy colimit over i x JT"" and written: 

holimD := holim(D(j) -.X ^ M) 
hocohmD := hocolim(D(i) : J ^ M) 

Prom the functoriality of homotopy limits and colimits, it follows that the above objects them- 
selves define diagrams J ^ M. and X — > A1 respectively. These diagrams are the "homotopy limit 
over X" and the "homotopy colimit over JT"," written: 



(^hohm©) (j) := holimD 
I hocolim© I (i) := hocolim© 



'That is if / : Xf — > Vf is a map between fibrant objects in M such that Uf is a weak equivalence in M, then / 
was a weaJj equivalence in JV. 
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It follows immediately from the definition of homotopy limits and colimits (2.3.1) that both 
(holim holim) and (holim holim) define (Xx J')-homotopy limit functors on ^A^^ Therefore there 
is a zig-zag of natural weak equivalences between them. Similarly there is a zig-zag of natural weak 
equivalences between the functors (hocolim hocolim) and (hocolim hocolim) . 

It is natural to ask under what conditions there are also zig-zags of natural weak equivalences 
between the functors (holim hocolim) and (hocolim holim) . If such zig-zags exist in the model 
category M, then we say that "X- homotopy limits and jT-homotopy colimits commute in A1."^^ 

As a trivial example, empty homotopy limits commute with empty homotopy colimits (because 
model categories are all pointed) in any model category. Also all homotopy limits or colimits of 
singleton diagrams (one object, one morphism) commute with all homotopy colimits or limits. In 
the category Spec of spectra all very small homotopy limits commute with very small homotopy 
colimits (sec the next section for definitions). In the category Top^ of based topological spaces 
all very small homotopy limits commute with all filtered homotopy colimits. In fact, in all of the 
categories which we consider, all very small homotopy limits commute with all filtered homotopy 
colimits. 



2.4 Special Diagrams 

We will be particularly interested in the (homotopy) limits and colimits of certain very special classes 
of diagrams. 



2.4.1 Fullback and Pushout Diagrams 

If D is a diagram in M of the form 




we call D a pullback diagram in M. Dually, if 2)' is a diagram in M of the form 




then we call 2)' a pushout diagram in M. More generally, we define n-dimensional pushout and 
pullback diagrams as follows: 

Given S a set let P{S) be the poset of subests of S and inclusion maps viewed as a category. Also, 
write Vo{S) for the full subcategory of all nonempty subsets of S, and V\{S) for the full subcategory 
of all proper subsets of S. Finally, given an integer n > we write n for the set n = {1, . . . , n} with 
the understanding that = 0. 

A key step is to note that lim lim D = lim lim D = lim D. 

I J J I 

^^For a discussion and some examples of commuting limits and colimits see [MacXL §IX.2]. 



18 



Ben Walter 



Definition 2.4.1. An n-dimensional puUback diagram in is a diagram of the form 

•D : Vo{n) M 
An n-dimensional pushout diagram in is a diagram of the form 

D' : Vx{n) M 
Example 2.4.2. We standardly denote generic cubes by D : S ^ Xs- 
• Two-dimensional pullback and pushout diagrams have the forms: 

^{2} Xn, ^ X^2} 



and 



X 



{1} 



■ ^{1,2} 



X. 



{1} 



• Three-dimensional pullback and pushout diagrams have the forms: 



X. 



X 



{2} 



^{1} 



{3} 



^{1,3} 



X0 



43} 



X 



{2,3} 



^{1,2} 



and 



X 



{2} 



^{1} 



^{1,3} 



X 



{2,3} 



■ "^{1,2,3} 



^{1,2} 



If D is an n-dimensional pullback diagram, then we often refer to the limit and homotopy limit 
of D as the pullback and homotopy pullback respectively. Dually, if 2)' is an n-dimensional pushout 
diagram, then we refer to the colimit and homotopy colimit of D' as the pushout and homotopy 
pushout respectively. 



2.4.2 Very Small Diagrams 

A category X is very small if its nerve is a simplicial set with only finitely many non-degenerate sim- 
plicics. Such categories arc characterized by having only finitely many morphisms and no nontrivial 
loops. That is, there cannot he a b ^ X with morphisms 



or 



We say that a diagram is very small if its indexing category I is very small; I-limit, colimit, homotopy 
limit, and homotopy colimit functors are very small if they are functors of very small diagrams. 

Example 2.4.3. Some standard examples of very small diagrams are: 

• Diagrams which are a disjoint union of finitely many points are very small. 

• All n-dimcnsional pushout and pullback diagrams arc very small. 

In particular, note that if G is a (nontrivial) group and G is the category consisting of one object 
with morphisms labelled by elements of G, then G is not a very small category - even if the group 
G is finite. 
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2.4.3 Filtered Diagrams 

A nonempty category T is called filtered}^ (see [MacL §IX.l]) if for every pair of objects a,b G I 
there is an object c S X above them both: 



/ 

and for every pair of parallel arrows a CHZI^ b there is an object c € X above them both: 

9 

Diagrams T ^ M. where X is a filtered category are called filtered diagrams. Similarly X-colimit and 
X-homotopy colimit functors are called filtered if X is a filtered category. 

Example 2.4.4. Standard examples of filtered categories are: 

• If X is an ordered set viewed as a category, then X is filtered. 

In particular, sequential homotopy colimits are filtered homotopy colimits. 

• If X has a final object, then X is filtered. 
2.4.4 Cofinal Diagrams 

Suppose X is a category and J is some full subcategory of X. The subcategory J is left cofinal in X 
(or more properly, the inclusion J ^ I is left cofinal) if the comma category {J J, i) (is nonempty 
and) has contractible nerve for all i e X. 

Let D : I ^ M. he & diagram in the model category M.. Bousfield and Kan show (c.f. [BK69 
XI §9]) that if J is left cofinal in X and M is one of sSets^, Top^, sSets, and Top there is a weak 
equivalence between the canonical homotopy limit of T) and the canonical homotopy limit of the 
restricted diagram Dlj-: 

holim(D) := holim(D) holim(D|j-) =: hoHm(D) 

This weak equivalence is given by simplicial homotopies contracting the nerves of the comma cate- 
gories ( J" I i) in the construction of the canonical homotopy limit (see 2.3.5). 

More generally, if M is any simplieially enriched model category so that the Bousfield-Kan 
construction yields canonical homotopy limits, then the same result holds. 

Example 2.4.5. The inclusions of subcategories in the below diagrams are cofinal: 

Xi Xi \ [ Xi X2 

^ X X X 

^1,1 Xi^2 X2,2 




13 Or maybe "right filtered" or "cofiltered" 
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( ^1,2 \ 

-^^1,12 -^12,2 
V "^1.1 "^2,2 / 



X ^ V 



Part I 

Rational Homotopy Theory 
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All of our constructions are over the ground field Q. As such we generally suppress the symbol 
Q in notation (e.g. we write (g) to mean (g)Q, etc). We will be concerned with a number of different 
categories whose objects arc vector spaces over Q supporting some extra structures such as a grading, 
a differential, or a coproduct. These categories will be denoted by identifying the extra structure 
that their objects carry; for example, Q for graded vector spaces (over Q) and VQL for differential 
graded Lie algebras (over Q). Script type will be used to refer to categories and small caps will be 
used for abbreviations of the category names: i.e. C £ Obj{VQC) means C is a dgc. In general, 
the constructions of this chapter may be discussed over any field k of characteristic 0, but we will 
specialize sooner rather than later. 

The main players in our work are differential graded vector spaces (dgs), differential graded 
Lie algebras (dgls), and differential graded (cocommutative, counital, coaugmentcd) coalgcbras 
(dgcs). We also refer at times to graded vector spaces (gs), graded Lie algebras (gls), and graded 
coalgebras (gcs). We will be concerned with many different functors between these categories. 
Given categories B and C our convention is to abusively use the notation [—]c : B ^ C to denote 
either a forgetful functor B — > C (e.g. [— ]dg : T^QC VQ by forgetting the Lie bracket) or a trivial 
section of a forgetful functor C ^ B (e.g. [— ]dgl : T^Q — > VQC by equipping a DG with the trivial 
Lie bracket [— , — ] = 0). Other functors are given more creative and unique notation. Finally, our 
convention when referring to adjoint pairs of functors is to write F : B ^ C : U to mean that 
: ;B ^ C is left adjoint to U : C ^ B (that is, hom{Fb, c) = hom(b, Uc) ior b G B and c e C). 

In Chapters 3, 4, and 5 we remind the reader of the definitions and develop some of the properties 
and structures of the categories T>Q, VQC, and VQC. The work that we present is a mixture of 
previously known results, new results, and previously known results placed in a new framework. We 
have endeavored to indicate all statements already proven in the literature by supplying references 
appropriately - furthermore we standardly omit the proofs of these results. 

The first section of each of Chapters 3-5 is devoted to basic definitions - in particular, limits, 
colimits, as well as cylinder and path objects. In Chapter 4 (and Chapter 5) we also give the defini- 
tions of free maps and free objects (and cofree maps and cofree objects) which are the cofibrations 
and cofibrant objects (and fibrations and fibrant objects) under our model category structure. We 
also note the very tight connection between VQ and VQC (and VQC). Much of the material in the 
first section of Chapter 3 is standard homotopical algebra (from, for example, [Weib]). Similarly 
almost all of the first section of Chapters 4 and 5 consists of either standard or simple extensions 
of standard facts (from, for example, [FHT] and [Q69]). The first section of each of these chapters 
ends with a definition of loop and suspension functors Q. and S. These functors are Quillen adjoint 
pairs compatible with the standard maps between VQ, VQC, and VQC. 

The second section of these chapters is largely devoted to homotopy limits and colimits in the 

categories VQ, VQC, and VQC (after beginning with a small note about the standard model category 
structure of the categories in question). The primary goal of these sections is to note two things 
- (1) we may construct certain very simple models for homotopy pushouts and puUbacks so that 
the functors O and E described at the end of the previous section are indeed given by homotopy 
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puUbacks and homotopy pushouts; and (2) homotopy pullbacks commute with sequential homotopy 
limits. 

Wc do not have a specific reference to the literature duplicating our precise construction of homo- 
topy limits and colimits in VQ, but we suspect that it is standard. The constructions which we make 
in VQL and VQC, however, are new - in particular even knowing that these constructions deserve to 
be called homotopy limits and colimits relies on relatively recent work of Dwyer, Hirschhorn, Kan, 
and Smith [DHKS]. Our homotopy limits and colimits in VQC and VQC are essentially made by 
"lifting" the homotopy limits and colimits which we give in VQ. Note that our models for homotopy 
limits and colimits in VQ, VQC, and VQC are not the canonical homotopy limits and colimits arising 
from the simplicial enrichment of VQ, VQC, and VQC - they are in general much smaller. 

In Chapter 6 we begin by recalling the standard framework of rational homotopy theory from 
Quillen [Q69]. We then go on to discuss rational spectra as well as rational S°° and f2°° functors. 
There are standard methods to stabilize a model category to construct an associated category of 
spectra by inverting either a generic "suspension endofunctor" [HoOl] or the simplicial suspension 
functor [S97]. We do not explicitly use any of these methods; though we do show that our category 
of "rational spectra" is stable, is equivalent to the rational localization of the cateogory of spectra, 
and that our E°° and n°° functors satisfy the desired properties. 

Note that we are interested in the rational homotopy of highly connected spaces, where by "highly 
connected" we mean n-connected for n > 1, possibly n ^ 1. 



Chapter 3 



Differential Graded Vector Spaces 



Differential graded vector spaces will serve as our rational spectra. Reduced differential graded vector 
spaces are connective rational spectra. The primary goal of this chapter is the construction in 3.2.1 
of specific models for homotopy puUbacks and pushouts which are simpler than those given by the 
canonical homotopy limits and colimits (see 2.3.5 and 2.3.6) built using the simplicial enrichment of 
VQ and VQr- The simple models which we construct for homotopy pushouts and puUbacks in VQ 
and VQr will later be used to make simple models for homotopy pushouts and puUbacks in VQC 
and VQC as well as in our eventual construction of rational homotopy calculus of functors. 

3.1 Category Structure 

Most of the proofs in this section arc omitted since they are either well-known or trivial. A good 
reference for much of this material is [Weib §1]. 

We write Q to denote the category of graded Q-vector spaces (and degree maps) and VQ to 
denote the category of differential graded Q-vector spaces (i.e. rational chain complexes). Objects 
of Q are written V, = {Vi}i^z- Given an element v GVn we say that the degree of t; is n and write 
\v\ = n. Note that we do not require objects of Q (or VQ) to be bounded below. More explicitly: 

Definition 3.1.1 (DG). A differential graded vector space (dg) is V = {V,, dy) where V, is 
a graded vector space and dy is a degree —1 endomorphism of V, ^ (i.e. \dvv\ = \v\ — 1) with 
dv odv = 0. 

In general we use (— ), for the forgetful functor VQ — > Q; given F a DG when we write V, we mean 
the underlying G of The category T>Q has objects all rational chain complexes and arrows all 
degree chain maps (i.e. degree maps respecting the differential: fd = df). Injections, surjcctions, 
and isomorphisms of DG s are DG-maps which are degree- wise injections, surjections, or isomorphisms 
of vector spaces. Quasi-isomorphisms of dg s are DG-maps which induce isomorphisms on homology. 
We say that a dg is contractible if it has trivial homology -ff*(F) =0. 
^Our notation is dy = {di} where di :Vi Vi-i. 
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A DG is called r-reduced if it is trivial below grading r. We write VQj. for the full subcategory 

of VQ consisting of all r-rcdnccd DG s. There are two particularly useful functors DQ VQr called 
the r -truncation and r -reduction functors (we may leave out the r when it is clear from context). 

Definition 3.1.2 (Truncation and Reduction). ^ Given V = (V,, d) a dg, its r-truncation 

truncr(y) = V_€ VQr is the quotient-DG V_ given by V_f. = Vfe if fc > r and Vj, = if fc < r. 

Its r-reduction vcdr{V) = & T^Gr is the sub-DG given by where V^h = Vk for k > r, 
V^k = for fc < r, and V^r = ker((ir : Vr K-i)-^ 

We use the same symbols red^ and trunc-r to denote the reduction and truncation functors 
VG T>Qr well as the; reduction and truncation functors "DGt ~^ T^Qr (for t < r). Also, wc 
use the same symbol to denote the inclusion of categories functor VQr — » VQ and VQr VQt (for 
t < r). 

Lemma 3.1.3 (Adjointness of Truncation and Reduction). The following are adjoint pairs 

truncr : T>Q VQr : incl 
incl : VQr <=^ VQ : red^ 

between VQ and VQr; and 

trunCr : VQt ^ VQr ■ incl 
incl : VQr <=^ VQt : red^ 

between VQr and VQt (for t < r). 

Furthermore, incl the inclusion of categories functor is a section of both the truncation and 
reduction functors. 

Remark 3.1.4. The reduction functor has the additional useful property that it is compatible with 
homology. By construction, it is clear that Hi{V^) = Hi{V) for i > r and Hi{V^) = for i < r. In 
particular, red^ preserves quasi-isomorphisms. For this reason, we are primarily interested only in 
reductions and truncations will play very little part in the remainder. 

3.1.1 Limits and Colimits 

Recall that the category VQ (and VQr) supports natural symmetric monoidal operations ®, x, and 
(g) defined by 

.V®W:= (y., dv) ® {W„ dw) = {{V © W)„ de), 

where {V © W)n =Vn®Wn with differential d(^{v ®w) = dv{v) + dw{w) 
^These are called the "brutal" and "good" truncations by [Weib]. 

^Reduction of a DG corresponds to taking the universal (r — l)-connected cover of a topological space. 
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.VxW:= {V„ dv) X (W., dw) = {{V x W)„ d^), 
where {V x W)n = x W„ with differential dx{v, w) = {dv{v), dw{w)) 

, V^W:= {V., dv) ® (W., dw) = {{V W)., d^), 
where (F(g)M^)„ = ®i+j=„Vi(g) Wj with differential d^{viSiw) = dv{v)'Si'w+ {—ly^^vSidwiw) 

The operations ® and x give isomorphic answers on finite collections of DG s but differ on infinite 
collections^ - in general ® and x extend to define operations on all small collections of objects. Given 
{Vi}iex a collection of dgs, ®i^xVi is their categorical coproduct and their categorical product is 
given by Xi^jVi (in "DQr as well as VQ). Note that the trivial DC Odg '■= (0«, d = 0) (where 
Oi = Q° = 0) is both initial and final in the category VQ (and VQr), thus VQ (and VQr) is a 
pointed category. Also, the DO Odg is the unit for ©, and the DC Idg ■= d = 0) (where Iq = Q, 
Ij = all other i) is the unit for (g). Note that F a do is contractible if and only if the map to the 
final object V — > Odg is a quasi-isomorphism. 

The DG s Odg and Idg are part of a more general framework. There is an adjoint pair of functors 
between the category of sets (and all set maps) and VQ given by Q— : Sets ^ VQ : — o where given 
S a set, QS is the free DG concentrated on degree generated by S (i.e. QS = {V,,d = 0) with 
Vq = (Bses Q-s, Vi = for I ^ 0); and — o : V" Vq, its degree vector space (viewed as a set). Even 
more generally there is an adjoint pair — dc; '■ sSet ^ VQq : N* between the categories of simplicial 
sets and VQ, given by the composition of adjoint pairs 

_ Q— n incl 

-oG-sSet^^sVect^^VQo^^VQ:N* (3.1) 

U n* redo 

where Q— makes the free simplicial vector space on a simplicial set, U forgets vector space structure, 
n is the normalization functor, and n* is the adjoint of normalization. 

Two other dg's of note are s := (s,, d) where s, has a Q in degree 1 and zero elsewhere (abusing 
notation^ we write s, = Qs where s is in degree 1), and := {s~^, d) where has a Q in degree 

— 1 and zero elsewhere (again, abusing notation we write = Qs~^ where is in degree — 1). 
Given a DG, V, we write sV and s~^V for s (E)V and V; similarly given v G V we write sv 
and s~^v for s (E) v € sV and ® w € s^^V. These have the properties that {sV)i ^ Vi^i and 
{s~^V)i = Vi+i; furthermore dsv{sv) = —sdv{v) and dg-iy^s^^v) = —s^^dv{v). At times, we may 
write s"'V. By this we mean s (g) • • • (8i s ^V; similarly, s~"'V = (8> • • • (8> 0F. 

n n 

Lemma 3.1.5. The pushout in VQ (and VQr) of the BG-diagram U *^ V -^W is the quotient-HG: 

U®vW ■.= {U® W)/{f{v) + g{v)) 
The pullback in VQ (and VQr) of the DG-diagram U ^ V *^ W is the sub-DG: 
UxvW:= {{u,w) gUxW \ f{u) + g{w) = 0} 

*Our practice we is to use X and © to indicate wiictlicr we are thinking of the categorical product or coproduct in 
a given situation — even when the two give isomorphic answers. 

®So s € s but hopefully context will keep this notational circularity from becoming confusing. 
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General small limits and colimits in VQ (and VQ^) are defined analogously (using the categorical 
product and coproduct along with equalizers and coequalizers as in Theorem 2.1.2). 

Recall that fibers and cofibers of maps in pointed categories may be defined as pushouts and 
puUbacks: 

• The fiber oi f : V ^ Wis the pullback oiV ^W ^ Odg- 

• The cofiber of / : V ^ is the pushout of Odg ^ ^ W. 

Lemma 3.1.6. Let f he a map f :V ^ W. The fiber of f is ker(/); the cofiber of f is coker(/). 

3.1.2 Cones, Suspensions, Paths, and Loops 

Definition 3.1.7 (Cone). Given V a dg, the cone on V is the dg cV := c^V where c is the dg 
given by c = {Qvq Qvi, dcVi = vq), \vi\ = i. 

More explicitly, cV = {V (B sV, dcV = dvv,dc{sv) = —sdyv + v). Just as for topological spaces, 
the cone on F is a contractible dg (i.e. quasi-isomorphic to 0) with an injection V — > cV. 
For more on mapping cones (and cylinders) see [Weib §1.2]. 

Definition 3.1.8 (Suspension). Given V a DG, the suspension of V is the DG T,V := sV defined 
earlier. 

At times we wish to use a slightly larger model for the suspension: := S where S is the 
DG given by S* = (Qvq © Qwi © Qvi, dsWi = Vo,dsVi = vq), \vi\ = i, \wi\ = 1. 
More explicitly, T,V is given by: 

• {tV). = {sV. © V. © sV,) 

• df,{svi ©?;2 © SV3) = —sdyvi © {dvV2 + fi +^3) ® —sdyvs for svi ®V2® SV3 e {sV ®V ® sV), 
Remark 3.1.9. The DGs T,V and EV are both pushouts: 

• T,V is the pushout of Odg <— V ^ cV. 

• T,V is the pushout of cF <— F — > cV. 

The DG J^V admits a map V — > f^V. This corresponds to the map of topological spaces sending 
X to the equator X YiX. Also, the two projection maps (onto the first and second copies 
of sV) induce maps T,V — > T,V which is are both quasi-isomorphism (however, the compositions 
V — > T,V — > T,V are each zero). 

We define loops similarly: 

Definition 3.1.10 (Paths). Given V a DG, the paths on V is the DG pV := p^V where p is the 
DG given hy p= {Qv-i © Qvq, dpVo = V-i), \vi\ = i. 
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More explicitly, pV = {V ® s ^V, dpV = dyv + s ^v,dp{s ^v) = —s ^dyv). Just as for topo- 
logical spaces, the paths on F is a contractible dg (i.e. quasi-isomorphic to 0) with a surjection 
pV^V. 

Definition 3.1.11 (Loops). Given V a dg, the loops on V is the dg flV := s~^V defined earlier. 

At times we also wish to use a slightly larger model for loops: ClV := P where P is the DG 
given by P = {Qvq x Qw-i x Qv-i, dpvo = W-i + W-i), \vi\ = i, \w-i \ = -1. 
More explicitly, QV is given by: 

• (nv), = (s-iy xvx s-'^v), 

• d^{s~'^Vi, V2, S~^V3) = {s~^{-dvvi + V2), dvV2, S~'^{-dvV3 + V2)) 

Remeirk 3.1.12. The dgs Q,V and ClV are both puUbacks: 

• nV is the pullback of 0-dg ^ pV. 

• nV is the pullback ofpV -^V ^ pV. 

The DG riV admits a map (IV V. This corresponds to the map of topological spaces evaluating 
at the midpoint of loops QX X. Also the two injection maps (into the first and second copy 
of s~^V) induce maps ^lV ClV which are both quasi-isomorphisms (however, each composition 
nV -*nV is zero). 

Since cV, pV, T,V, il,V, T,V, and flV are each given by tensoring with a dg, they give functors 
c,p, E, f2, S, O : VQ VQ. Also, there is also a clear 1-1 correspondence between maps T,V — > W 
and maps V flW. In fact. 

Lemma 3.1.13. The following functors are adjoint pairs: 

• ciVg^Vg :p 

• Y, : vg ^ vg : fl 

• t:vg^vg -.Q. 

Sketch of proof. This follows from the fact that for a fixed, degree-wise finite dimensional V G I?^, 
the functor — i^V : W ^ W ®V is adjoint to the functor - (where V* = Map-pgiV, Idg) is 
the dual of V). It is not hard to show that c* — p, s* — s^^ , and S* = P. [Note that Vg becomes 
enriched over itself if we allow chain maps of arbitrary degree.] □ 

In fact, the above pairs are also adjoint in the opposite direction as well (e.g. p : Vg ^ Vg : c). 
Note that S restricts to a functor Vgr Vgr for any r. However, O at best restricts to a 
functor Vgr+i — » Vg^.. We define the reduced loop functor to be the "correct" loop functor on Vgr- 

Definition 3.1.14 (Reduced Loops). If F S Vg^ is an r-reduced DG then the reduced loops on 
y is Q.V ■.= Q.V = redr{nV). 
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The following lemma is immediately implied by 3.1.13 and 3.1.3: 
Lemma 3.1.15. Reduced loops is right adjoint to suspension on VQj.: 

S : VGr ^ VGr : ^ 

The reduced loops fl^V is the puUback of the diagram in VQ,. given by Odg —> V <— pV. Note 
that the reduced paths pV is still contractiblc (by 3.1.4). Also, although the map V ^ pV is no 
longer necessarily a surjection of DG s (since it may fail to be surjective in degree r), we will place a 
model category structure on VGr such that it will be a fibration. If we wished, we could similarly 
define O ^ as the pullback of the diagram in VQr given by pV — > F <— pV. 



3.2 Model Category Structure of VQ 

Recall that a quasi- isomorphism of DG s is a (degree 0) chain map f : V ^ W which induces an 
isomorphism on homology /, : H^,{V) H^{W). The standard model category structure on VQ 
(see, e.g. [Hov] §2.3) is to take quasi-isomorphisms as weak equivalences, degree-wise surjections 
as fibrations, and degree-wise injections as cofibrations. Under this structure, all objects are both 
cofibrant and fibrant. 

Given y a do we may view its homology H^{V) as a do with trivial differential. By choosing 
basis elements and generators it is possible to construct non-canonical DG-maps V —> H^,{V) and 
i?*(V") V which are quasi-isomorphisms since _ff*(_ff*(V")) = H^,{V). In particular, every DG is 
quasi-isomorphic to its own homology. This is a very special occurence: In general, the special class 
of objects in the categories VQCr and VQCr which are quasi-isomorphic to their own homology are 
called formal, and are the subject of much interest. 

3.2.1 Homotopy Limits and Colimits 

By [DHKS] all homotopy limits and colimits exist (see 2.3.3). We give explicit nice models for most 
homotopy limits and colimits similar to the standard constructions of homotopy limits and colimits 
in Top as ends, coends, and right and left adjoints as stated in Lemmas 2.3.5 and 2.3.6 in the previous 
chapter. 

The primary result which we make use of in later chapters is the existence of a convenient, model 
for homotopy pushouts and puUbacks which is easier to use in computations than the canonical 
Bousfield-Kan homotopy pushouts and puUbacks: 

Theorem 3.2.1. Homotopy pushouts and puUbacks in VQ may be given as follows: 

1. Given D the diagram U ^ V W, a homotopy pullback ofD is given by the path dg; 

:= (([/ X s- V X W)„ dy=dy,+ dfg) 

where dx is the differential on the DG (U x s~^V x W) and dfg is determined by f and g: 
dfgiu, V, w) = (0, s-i(/(«) + <?(«;)), 0). 
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2. Given D' the diagram U ^ V a homotopy pushout ofD' is given by the cylinder dg; 

Cd' := {{U ®sV® W)„ de = rfe + d^') 

where is the differential on the DG (U © sV © W) and d^^ is determined by f and g: 
dfa{sv) = f{v)+g{v). 

We prove this in steps. 

Lemma 3.2.2. The objects CPd and Cd' defined above are indeed dg s. 

Proof. We already have that (rfx dx) = 0, {dfg dfg) = 0, {d^ d^) = and {d^^ d^^) = 0. It remains 
to show only that {dx dfg) + (djgdx) = and {d^d^^) + {d^^ d^) = 0. These follow from the 
commutativity of / and g with the differentials du, dy, and dw- 

dx dfg{u, s~'^v, w) = dx (O, ((/(w) + g{w)) , O) 

= (0, -s-'{dvf{u) + dvgiw)), 0) 

dfgdx{u, s~^v, w) = dfg[duu, —s~^dvv, dww) 

= (0, s-^{f{duu)+g{dww)), 0) 

Similarly, 

d^\u + sv + w) = d^ (/(«) + g{v)) 
= dvf{v) + dvg{v) 
d^^ d^{u + sv + w) = d^^{djju — sdyv + dww) 
= -f{dvv) - g{dww) 

Lemma 3.2.3. The objects and Cd' determine functors of diagrams in VQ 



: vg'-*^ 



vg 



Proof. Wc show this only for !P(_) since the proof for C(_) is similar. 
Suppose t : Di — > D2 is a map of diagrams given by 



Di 



t h 



tu 



U2 



h 



tv 
V2^ 



ai 



92 



Wi 



W2 



This induces a DG-map 



Ui X s-'^Vi X Wi 

U2 X S-^V2 X W2 



□ 



(3.2) 



(3.3) 
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We will show this extends to a DG-map {tu x s~^tv x tw) '■ ^Di — >^ 3'd2- 

Since (3.3) is a DG-map, wc already have that {tu x s~^tv x tw) commutes with d^- It remains 
to show only that it commutes with dfg. However, this follows from the commutativity of (3.2) 
because 

df2g2 {tu X S~'^tv X tw) = (O X S~'^{f2tu + g2tw) X O) 

{tu X s-Hv X tw)df^g^ = (0 X s-Hv{fi+gi) x O) 

□ 

Lemma 3.2.4. There are natural maps ey : lim-pg D — > CPd and ee ■ C©' —>■ colimpg D' given by 
e-}>{u, w) ~ {u, 0, w) and ee{u + sv + w) = [u + w]. 

Proof. The given maps are clearly natural so long as they are indeed DG-maps. The following shows 
commutativity of ey with differentials: 

dy ey>{u, w) = dj'{u, 0, w) 

= {duu, s~'^{f{u) + g{w)), dww) 
ev d\ijn{u, w) = ey{duu, dww) 
= {duu, 0, dww) 

These are equal since for {u, w) G U Xy W we have f{u) + g{w) = 0. 
Similarly, 

c^coiim ee{u + sv + w) = dcolim[w + w] 
= [duu + dww] 
ee de{u + sv + w) = ee{duu + f{v) — sdyv + dww + g{v)) 
= [duu + f{v) + dww + g{v)] 

These are equal since [f{v) + g{v)] = [0] in U (Bv W. □ 

To finish the proof of Theorem 3.2.1, we will note that the above functors are related by zig- 
zags of natural weak equivalences to another pair of functors which we know (by other means) 
are homotopy limit and colimit functors. Before doing this, however, we would like to make a 
short detour in order to give a generalization of the above construction to n-dimensional homotopy 
puUbacks and pushouts. 

Differential Bigraded Vector Spaces and n-Dimensional PuUbacks and Pushouts 

Recall that an n-dimensional pullback diagram in VQ is a functor D : Voin) — ^ "DQ where Vo{n) is 
the poset of non-empty subsets of {1, . . . , n} and inclusion maps. Dually, an n-dimensional pushout 
diagram is a functor D' : 'Pi(n) VQ where 7^i(n) is the poset of proper subsets of {1, . . . , n} and 
inclusion maps. We will define the n-dimensional path or cylinder DG associated to an n-dimensional 
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puUback or pushout diagram to be the totalization of a certain differential bigraded vector space 
constructed from the diagram. 

Definition 3.2.5 (blDG). A differential bigraded vector space (bioc) isV= {V,^,, d^, d"") where 
Vt^t is a bigraded vector space and d'^ and d'" are endomorphisms of V, , such that d'^ has bidegree 
(-1,0) and q!^ has bidcgrcc (0, -1) and the two satisfy d'^rf'* = 0, d^d'' = 0, and d'^d^ + d^d^ = 0. 

A biDG-map is a bidcgrcc (0,0) bigraded vector space map commuting with d'' and d". Write 
biVQ for the category of blDG s and blDG-maps. 

Wc write V,., for the imdcrlying bigraded vector space of the biDG V. Also we refer to (i, •) as 
horizontal grading i and (•, i) as vertical grading i. Similarly, we call d^ : Vi,, V^-i., the horizontal 
differential and d'" : V»^i — > V,,j_i the vertical differential. And we say total degree i for (•,i — •). 

There is a standard functor Tot : biVQ VQ given by taking the total DC of a biDG. If 
V = (y,,,, rf'', d") is a biDG, then the total dg of V is given by (Toty)„ = ®i+j=nVij with 
differential dxot = d^ + d'".^ It follows immediately from the definition of biDGs that dTot is indeed 
a differential on (Tot F),. 

It is clear that the symmetric monoidal operations ® and ffi on graded vector spaces induce sym- 
metric monoidal operations ® and ® on bigraded vector spaces. Note that there are two suspension 
functors on biDG s. Write s'' for the horizontal suspension, given by tensoring with the biDG 
which is Q in bidegree (1,0) and elsewhere; and s" for the vertical suspension, given by tensoring 
with the biDG s" which is Q in bidegree (0, 1) and elsewhere. 

Given a dg F write bi(y) for the associated biDG with bi(y),,o = Vi and hi{V)ij = for j ^ 0, 
equipped with differentials d!^^^y^ = dv, ^Ziiv) ~ ^" "^^^^ clearly defines a functor bi : T>Q biVQ. 

Furthermore bi(— ) extends to a functor bi : Mor{VQ) — > biVQ as follows: For f -.V a. DG- 

map, let bi(/) be the bioG given by (bi(/))^ ^ = (s" \yi{V) bi(W))^ ^ with horizontal differential 
^bi(/) ~ ^s"bi(v)ebi(w) ^^"^ Vertical differential 'ibi(/) ~ /■ show that this is a biDG we need only 
show that + (ibi(/)'^bi(/) = 0- But this is equal to djji(^)/ + /(i^„bi(y) = dwi + I{-dv)] 

That is, bi(/) is given by V in vertical grading 1 and W in vertical grading equipped with a vertical 
differential given by /. 

Even more generally, bi(— ) extends to functors of n-dimensional puUback and pushout diagrams 
: D^^"^-^ — > biVg and £(_) : D^^'^-^ — > biVQ as follows: Given n-dimensional puUback 
and pushout diagrams D e vg'^°^^'> and D' e Vg^^^^\ define and Cc' by 




with horizontal differentials given by the differentials of D(T) and D'{T) and vertical differentials 

given by the maps of D and T>' with alternating signs. More explicitly, the horizontal differentials 

®[Weib] calls this Tot® to diflferentiate it from Totll . Since we will only consider finite biDGs these two will always 
be equal and we will not need to maJse this distinction. 
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are = and = and the vertical differentials are given by 

sgn(a)B(tT) and rf^ = sgn(a) ©'(tr) 

CT:S^SU{t} (7:S^SU{t} 

where sgn(a) = (-1)^"^^ I for a : 5 ^ 5U {t}- 

Example 3.2.6. Let D G X>g^°(^) and D' e D^r^i® be three dimensional puUback and pushout 
diagrams. Then fi, and C©' are as follows:'' 

• is given by 

< — vertical grading 

— vertical grading —1 

— vertical grading —2 

' — vertical grading 2 
: — vertical grading 1 

— vertical grading 

where the marked arrows with the indicated signs give the vertical differentials. 

Definition 3.2.7 (n-Dimensional Homotopy Pullback and Pushouts). For T> € 2?^^c)(^) an 
n-dimensional pullback diagram, define Td := Tot(3'D). 

Similarly, for D' e T>Q^^^-^ an n-dimensional pushout diagram, define Cd' := Tot(CD'). 

Return to Homotopy Limits and Colimits 

In general we may construct small homotopy limits and colimits in T>Q in the vein of Bousfield and 
Kan [BK72] . Let B be the functor from small categories to DG s given by taking the nerve of a 
category and then applying the functor — dg ■ sSet — > T>Q described in (3.1). Wc may use this to 
define homotopy limits and colimits according to the end and coend construction of Bousfield and 
Kan given in Lemma 2.3.5 in the previous section. 

Bousfield and Kan's proof that the end and coend construction is weakly equivalent to the adjoint 
functor definition formally applies to this setting as well. Furthermore their proof that their adjoint 
^See Example 2.4.2 for notation. 
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functor construction satisfies the properties of a homotopy limit and colimit also formally applies to 
this setting. 

Note that the Bousficld-Kan construction yields slightly larger models for homotopy pushouts 
and puUbacks than the construction mentioned above. In particular for D and D' the 2-dimensional 
pullback and pushout diagrams in Lemma 3.2.1, the Bousfield-Kan construction gives 

• Bousfield-Kan homotopy limit of D is holim(2)) = (([/ x s~^V x y x s~^V x W),, dhoiim) 

• Bousfield-Kan homotopy colimit of CD' is hocolim(CD') = (({/ ®sV®V®sV® W),, rfhocoUm) 
where rfhoUm and rfhocoUm are the obvious extensions of and ds: 

• dhoiim ^ dx + dfiig where 

dfiig{u, s~'^vo, vi, s~'^V2, w) = (o, s~'^{f{u) + vi), 0, s~'^ {vi + giw)) , Oj 

• c^hocoiim = c^e + d^^^^ where 

df'^^^{u © s"^uo ®vi® s~'^V2 ®w) = {f{vo) © © (uo + ■^2) © © g{v2)) 

However, (just as in the cases of Cl versus ft and S versus S) there are clear quasi-isomorphisms 
I'd ^ holim(D) and hocolim(D') ^ 6©'. In fact, there are two quasi-isomorphisms CP© ^ 
holim(CD) given by 

• F{u, s~^v, w) = [—u, s~^dvf{u), f{u), s~^v, w) 

• G{u, s~^v, w) = (u, s^^v, g{w), s~^dvg{w), w) 

and similarly for hocolim(CD') ^ Gd'-^ 

In the category of topological spaces the functors T,X and may be defined as the homotopy 
pushout of * <— X ^ * and the homotopy pullback of * — > X <— * respectively. We have defined fl 
and S in VQ so that this is again the case. 

Corollary 3.2.8. flV is the homotopy pullback in VQ of the diagram Odg V ^ Odg- 
T,V is the homotopy pushout in VQ of the diagram Odg <— F — > Odg • 

Recall that homotopy fibers and cofibers of maps may be defined as homotopy pushouts and 
pullbacks: 

• The homotopy fiber of f : V ^ W is the homotopy pullback of V ^ W <— Odg 

• The homotopy cofiber oi f :V —>W is the homotopy pushout of Odg ^V—>W 
Corollary 3.2.9. If f : V ^ W is a DG-map, then its homotopy fiber and cofiber are: 

• hofib(/) ~ (V, © s~^W», dhofib) where dhofib is defined by (ihofib(w) = dv{v) — s~^f{v), and 
c^hofib(s~^w^) = —s~^dw{'w) for V &V and w £ W. 

*These are cleajrly quasi-isomorphisms if they are DG-maps. We leave this computation as an exercies. 
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• hocof(/) ~ {W, © sV,, rfhocof) where rfhocof defined by rfhocof(sv) = f{v) — sdv{v), and 
c^hocof(w) = dw{w) for V gV and w £W. 



Recall that a commutative square given by 



U- 



V 



X 



is called homotopy cartesian if the composition of canonical maps 

U — > lim{W ^X Sv) — > holim(VF ^ X ^ V) 
is a weak equivalence, and homotopy cocartesian if the composition of canonical maps 

hocolim(W" ^ U ^ V) — > colim(W^ ^U^V) — >X 
is a weak equivalence. In the model category T>Q we are in the very pleasant situation where 

Lemma 3.2.10. A commutative square in VQ is homotopy cartesian if and only if it is homotopy 
cocartesian (i.e. VQ is a stable model category). 

Proof. This follows from the fact that the statement that the square is homotopy cartesian and the 
statement that the square is homotopy cocartesian are each equivalent to the statement that the 
following biDG has trivial homology: 



U 



w 



V 



X 



Remeirk 3.2.11. In particular the squares 

V^cV 



- vertical grading 1 

- vertical grading 
vertical grading —1 



□ 



and 



are each both homotopy cartesian and homotopy cocartesian. 

It is a standard property of stable model categories that: 

Lemma 3.2.12. Very small homotopy limits commute with homotopy colimits in VQ. 
Very small homotopy colimits commute with homotopy limits in VQ. 

Corollary 3.2.13. In particular, all sequential homotopy colimits commute with homotopy pullbacks 
in Vg. 
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3.3 Model Category Structure of VQr 

The standard model category structure on VQr is to take quasi-isomorphisms to be weak equiva- 
lences, maps surjective in degree > r to be fibrations, and degree-wise injections to be cofibrations. 
Just as in VQ all objects in VQj. are both fibrant and cofibrant. Also, all objects in VQj. are formal 
as well. 

Under this model category structure, the inclusion and reduction functors defined in 3.1.3 as well 
as the suspension and desuspension functors (s and s~^) are Quillen adjoint pairs. 

Lemma 3.3.1. The adjoint pair given in Lemma 3.1.3 

incl : VQr T>Q : redr 

is a Quillen adjoint pair. Also the adjoint pair 

s : VGr 'DQr+i '■ 

is a Quillen adjoint pair. 

Furthermore, both of the pairs above satisfy the stronger condition each adjoint preserves all weak 
equivalences. 

Proof. The inclusion of categories functor preserves cofibrations, since all cofibrations of 'DQ,. are 
also cofibrations of VQ. Similarly the suspension functor s preserves cofibrations. Also, all of the 
above functors clearly preserve weak equivalences. 

Since the left adjoints preserve cofibrations and trivial cofibrations, we must have that the right 
adjoints preserve fibrations and trivial fibrations and the adjoint pairs are each Quillen pairs. □ 

It follows that S : VQr <=^ VQr : ^ is also a Quillen adjoint pair preserving all weak equivalences. 
Furthermore, we are supplied with the following corollary by Lemma 2.3.4: 

Corollary 3.3.2. The right adjoints redr(— ) : VQ VQr and s~^ : VQ^+i VQ^ preserve all 
homotopy limits. 

The left adjoints incl : VQj. VQ and s : VQj. — > VQ^+i preserve all homotopy colimits. 
3.3.1 Homotopy Limits and Colimits 

Homotopy limits and colimits in VQ^. are not much different than in VQ. In particular, homotopy 
limits and colimits in VQ^ are "created" in VQ in the following sense: 

Lemma 3.3.3. Let holimpc; and hocolimx>g be the homotopy limit and colimit functors described 
in Section 3.2.1. Homotopy limit and colimit functors on VQr are given by: 

holimpg^ D = redr (holimug incl(2))) 
hocolimug^ D = red,- (hocolimijg incl(D)) 

Where incl is the functor on diagrams given by objectwise inclusion VQr — > VQ, and red^ is the 
r -reduction functor VQ VQr. 
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Proof. Let holiniDg^ and hocolimxig^ be any homotopy limit and colimit functors on VQr- We will 
show that there are zig-zags of natural weak equivalences giving holiniDg^ ~ red^ (holinixig incl(!D)) 
and hocolimpg^ ~ rcd^ (hocolimpg incl('D)) : 

By 3.3.2, there are zig-zags of natural weak equivalences exhibiting 

redr (holimx>5(— )) holimx>g^ redr(— ) (3.4) 
hocoliniDc; incl(— ) ~ incl (hocolimx>g^(— )) (3.5) 

Recall that incl is a section of the reduction functor red^ : VQ VQr- Thus (3.4) and (3.5) yield 
zig-zags of natural weak equivalences showing 

redr (holimxig incl(— )) ~ holiniDg^ red^ incl(— ) = holiinx)e^(— ) 
redr (hocolimxig incl(— )) ~ red^ incl (hocoliinx)g^(— )) = hocolimx)5^(— ) 

□ 

Note that the homotopy colimit functor defined in Section 3.2.1, takes diagrams of r-reduced 
DG s to r-rcduccd DG s. Thus for T) : T ^ T>Qr a diagram of r-rcduccd DG s hocolimug incl(D) is 
already r-reduced. In particular, red^ does not change it. In other words 

Corollary 3.3.4 (Homotopy Limits and Colimits in VQr). Let D : X — > "DQr be an I-diagram 
in VQr- Then 

• The homotopy limit ofD in VQr is given by the reduction of the homotopy limit ofD in T>Q. 

• The homotopy colimit ofD in VQr is given by the homotopy colimit ofD in VQ. 

Corollary 3.3.5. is the homotopy pullback in VQr of the diagram Odg — > 1^ <— Odg- 

EF is the homotopy pushout in VQr of the diagram Odg <— V ^ Odg- 

Remeirk 3.3.6. The category VQr is no longer stable. For example, the square 

Odg — ^ Odg 

I i 

Odg — ^ s'" 

is homotopy cartesian in VQr, but not homotopy cocartesian. 

Lemma 3.3.7. In VQr, sequential homotopy colimits commute with homotopy pullbacks. 

Proof. This may be shown by an explicit calculation. We give the calculation for 2-dimensional 
pullbacks. In general the the calculation is the same, but bigger. 

First, note that the homotopy colimit of the sequential diagram I 
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is given by the mapping telescope (^[Vi ® sVi © F2 ® SV2 ® V3 ® sVs ©•••),, = d® + d-^^ where 
dF{svi) = Vi-\- gi{vi), for svi e sVi (and d-^{vi) = for Vi e Vi). 

Let JT" be the category (• — > • < — •) and D be the Xx jT-diagram in VQr given by 




A short computation shows that [hocolimhohmDJc is 

{Ui X a-^Vi X Wi) © s pi X s-^Vi x W^i) © {U2 x §"^2 x W2) © x s" ^2 x W2) © 
Collecting infinte ® from the finite x 's gives a G-isomorphism to 

{Ul © s[/l © i72 © s[/2 © • • • ) X (s" Vl © Fl © S~'^V2 © 1^2 © • ■ • ) X (W^i ® ^Wl © H^2 © SW2 



•) 



which is [holimhocolimDlG- Also, the differentials of both hocolimholimi) and holim hocolim 2) 

I J J I I J 

are given by d = dx® + d'^ + d-^ where 

• d'^ is zero on s~^Vi and on Vi and elsewhere is d'^{wi) = s~^ri{wi), d'^{ui) = s~^ti{ui), 
d^{swi) = -ri{wi), and d'^{sui) = -ti{ui). 

• is zero on Ui, Wi, and s~^V and elsewhere is d^{swi) = Wi + fi{wi), d^{sui) = Ui + hi{ui) 
and d^{vi) = -s~^Vi - s~^g{vi). 

□ 

More generally, all filtered homotopy colimits commute with small homotopy limits in VGr, but 
the previous result is enough for our purposes. 



3.4 Symmetric DGs 

Write S„ for the symmetric group on n elements. A DG with E„ action is a diagram V : S„ VQ 
where S„ is the group S„ viewed as a category in the standard way.^ The usual notation is to 
write V for both the diagram and for the value of the diagram on the single object of its indexing 
category. If V £ I?^^" then the S„-fixed points and S„-orbits of V are 

y^''=limy and VY.^=co\\mV 



®The category "£,„ has only one object and it has morphisms labelled by elements of E„. 
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The canonical map given by the composition V^" — > y — > Ve„ is called the trace map. Since we are 
working over Q, the trace map is an isomorphism - its inverse is given by the norm map Ve„ — > V^" 



tr : [v] ^ a{v) 



(This is a DG-map since the maps a : v a{v) are each DG-maps.) 

For V G VQ^'^ , S„-homotopy fixed points and S„-homotopy orbits of V are similarly defined as 

y''^"=holimy and V^s =hocolimy 

However in this case, the fixed points and orbits are already homotopy functors, so in particular they 
give S„-homotopy limit and S„-homotopy colimit functors. That is, the orbits and fixed points are 
homotopy orbits and homotopy fixed points. 

Lemma 3.4.1. The functors lim and colim are homotopy functors VQ^" — > VQ. 

Proof. It is enough to show this only for lim since the two are isomorphic. 

Note that any S„-equivariant map f iV restricts to a map W^"- . Thus the natural 

map Ifin/ = f\v^n- Suppose that / : V is a quasi-isomorphism. By brute force, we show 

that /|ys„ : V^" — > W^" is also a quasi-isomorphism: Write Avgj:^ for the average over the group 
maps in V and W 

Avg-s:^{v) = ^ a{v) and Avg-s:„{w) = ^ a{w) 

Note that Avg-E.„ gives DG-maps to V^" and which are the identity on V^" C V and W^" C W. 

First we show il*(/|ys„) is a surjection. Suppose w G VF^" is a cycle. The map / is a quasi- 
isomorphism, so there arc v E V and wq G so that f{v) = w + dwWQ. Then Avgj:^{v) G V^" 

and Avgj:^^ (wf)) e W'^" with f(^Avg^^(v)) ~ w + dwAvg^^{wo). 

Now wc show -ff*(/|ys„) is an injection. Suppose vi,V2 € V^" such that there is w G W'^" with 
f{vi) — f{v2) — dww- Since / is a quasi-isomorphism there is v G V with vi — V2 = dyv. Then 
AvgY,^{v) e F^" with v\—V2= dvAvgY,„{v). □ 

This same proof also shows that orbits and fixed points are homotopy functors on DQ^ (and 
VQCr and VQCr) as well; though, we will not need this fact. 



Chapter 4 



Differential Graded Lie Algebras 



Differential graded Lie algebras are models for rational spaces. The primary goal of this chapter is 
the construction in §4.2.1 of specific simple models for homotopy pullbacks and pushouts in VQCr- 
The models which we give are essentially lifted from the category "DQr- In §4.1.2 we note the close 
connection between 'DQr and TDQCr, which we use to "lift" homotopy limits and colimits from DQr 
to those of VQCr- 

4.1 Category Structure 

Definition 4.1.1 (DGL). A differential graded Lie algebra (dgl) L = (L,, rfi, [— , consists of 
a differential graded vector space (i,, dL) equipped with a bilinear, degree zero, graded Lie bracket 
map [— , —\l ■ {L,, dL) <8) {L,, dL) — > {L,, dL) which satisfies: 

(i) [x, y] = — (— [y, x] (graded anti-symmetry) 

(ii) [x, [y,z]\ + (-l)l^l(lyl+l^l)[y, [z,x]\ + (-1)1^1(^1+1^1) [x,y]\ = (graded Jacobi identity) 

Remeirk 4.1.2. Defining the graded Lie bracket map as a DG-map imposes the following compati- 
bility with the differential on the bracket: dL[x,y] = [dLX,y] + (— l)l^l[a;, rfLj/]- 

Maps of DGL s are given by graded vector space maps / : V, — > W, which are degree and preserve 
differentials and Lie brackets (i.e. f{dvx) — dwf{x) and f{[x,y]) = [fix),f{y)]). Isomorphisms, 
injections, and surjections of DGLs are given by DGL-maps which induce isomorphisms, injections, 
and surjections of underlying graded vector spaces. Similarly, quasi-isomorphisms of DGL s are given 
by DGL-maps which are quasi-isomorphisms of underlying DG s. 

A DGL is called r-reduced if its underlying DG is r-reduced. Recall that this means the DGL is 
trivial below grading r. All of the DGL s which we consider are r-reduced for some r: our convention 
is to write VQCr for the category of all r-reduced DGL s and DGL-maps between them. At times we 
may write VQC without any subscript. By this we either mean that the r is implicitly present and 
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determined by context or else we mean the category VQCq of 0-reduced dgl s. Note that VQCj. is 
a full subcategory of VQCt for all t < r. 

Just as in T>Q, we may define a reduction functor mapping to more highly reduced DGL s: 

Definition 4.1.3 (Reduction). ^ Given a t-reduced dgl L e "DQCt iov t < r the r -reduction 
redr(i) = ^ e VQCr is the sub-DGL ^ given by Ij^i = Li for i > r, L^i = for i < r, and 
L^ r = ker((iL : —>■ Lr-i). 

Lemma 4.1.4. Reduction is right adjoint to the inclusion of categories functor VQCr — > VQCt 

[-]DGLt : VQCr ^ VQCi : rcd^ 

Note that the categories VQCr arc all pointed categories: The dgl Odgl on the trivial differential 
graded vector space Odgl — (OdGj [^i ^] = 0) equipped with the trivial Lie bracket is both initial 
and final. If a DGL has trivial homology = (for example, if L = Odgl) then we say that L 

is contractible. A dgl L is contractible if and only if the map L — > Odgl is a quasi-isomorphism. 
In general of course, the homology of a dgl is a graded Lie algebra, and taking homology gives a 
functor iJ* : VQCr QCr- 

4.1.1 Free DGLs 

We could just as well have defined dgl s as graded Lie algebras equipped with a differential com- 
patible with their Lie bracket (rather than as differential graded vector spaces equipped with a 
Lie bracket compatible with the differential). We use this point of view in defining free DGLs. 
Given a graded vector space V = {Vi}i>Q starting in degree 0, we may consider its tensor algebra 
TV = V®*^. This can be given a Lie algebra structure by defining the bracket of two elements 
to be the graded commutator, [x,y] = a; y — (— l)!'^! !^!^ ® ^- The sub-Lie algebra of this generated 
by V is called the free graded Lie algebra on V and denoted by Ly. The functor L(_) : Qr — > QCr 
(n > 0) by y I— > hv is the left adjoint of the forgetful functor [—]Gr '■ SCr — > Qr- 

Definition 4.1.5 (Free DGL). A free differential graded Lie algebra is a dgl L which, as a graded 
Lie algebra is isomorphic to a free graded Lie algebra: 

[L]gl = Ly where V eQ 

Write fVQCr for the full subcategory of all free dgls in VQCr- 

Writing L as L = {[L]qi^, d) and pushing the differential of L across the isomorphism [iJcL — , 
we get the equivalent statement that L is free if and only if L is isomorphic to a DGL of the form 
L = (Ly, d) for some graded vector space V and differential d. 

Remark 4.1.6. What we have just defined would more precisely be called a "differential free graded 
Lie algebra" since it is not left adjoint to the forgetful functor [— ]dg^ : VQCr — ^ VQr- However, it 
^There is also a truncation functor, but we will be uninterested in it. 
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is standard practice to call objects isomorpliic to (Ly, d) "free dgls" nonetheless - see e.g. [FHT]. 

The forgetful functor [— JoG^ ■ 'C'GCr — > T^Qj. does have a left adjoint, which we abusively denote by 

L(_) : (V, dv) ^ f^i^v.dv)- The dgl L(v ^j^^) is defined in the same manner as the GL Ly was above, 
starting with a DG instead of a G. At times we will wish to refer to dgl s which arc free in this true 
sense: we will signify these with the notation L = L(y_d^,) or by calling them truly free dgls. 

Closely related to fVQC is the category fVQC of all DGLs of the form (Ly, d) and DGL-maps 
between them. Note that an object of fVQC consists of the data of a free dgl L along with an 
isomorphism L = (Ly, d) (however the maps are not required to preserve these isomorphisms). We 
may lazily write Ly = (Ly, d) for such DGLs with the differential unwritten (but not forgotten). 
The categories fVQC and fVQC are equivalent but not isomorphic. This allows us to prove many 
facts about free dgls by considering only those which specifically have the form (Ly, d). In general 
our intuition about free DGLs comes from our intuition about objects (Ly, d), and most statements 
which we make about free DGLs we first make about objects (Ly, d). 

DGL s of the form Ly = (Ly , d) have an extra grading by bracket length (inherited from the 
word- length grading on TV). Using this grading, we may write their differential as d = di + ■ ■ ■ 
where di increases bracket length by i. [To prove this it is enough to show it on the generating 
graded vector space V, since the differential respects the bracket. However, there it is trivially true.] 
do d = Q implies in particular that do o do = 0. Thus, given (Ly, d) the differential d restricts to 
dv = do\v = d\v a differential on the generating graded vector space V. We write (V, rfy) for the 
resulting DG consisting of the generating G of Ly equipped with the restriction of the differential of 
Ly to this generating graded vector space. Note that (Ly, d) is truly free in the sense of 4.1.6 if 
d = do ~ in this case (Ly, d) = L(y ^j^). 

If L is any dgl, we write (L)^^ for the graded^ abelianization (L)'^^ := L/[—,—]. Although, 
strictly speaking, (L)'^^ is an object of VQjC, since it has trivial Lie bracket we standardly abuse 
notation and treat it as an object of VQ - i.e. we write {L)'^^ to mean [(-^)^^]i3q- If i — (Ly,d), 
then there is a clear isomorphism [(Z/)'^'']g = V. Note that L is truly free in the sense of 4.1.6 if 
and only if L = L(j^)o,6 (i.e. if there is some {V, dy) so that L = L(y(;^)). We will show that (L)'^^ 
captures much of the homology information of L even when L is merely free in the weak sense of 
Definition 4.1.5. 

We are now in a position to state the rational Hurewicz Theorem (for free dgls): 

Theorem 4.1.7 (Rational Hurewicz (free DGLs)). If L G fVQCi is a free DGL then the DG 

{L)'"^^ is contractible if and only if L is contractible. 

Moreover, if Li,L2 G fDQCi are 1-reduced, free DGLs then a BGL-map Li L2 induces a 
DG-quasi-isomorphism {Li)'^^ > (^2)'^'' if and only if the map f itself is a quasi-isomorphism.^ 

Proof Sketch. Note that the first statement above is implied by the second. 

^Graded abelian means multiplication is graded commutative - i.e. ab = (— l)l"l l''l6o. Note that though Lie 
brackets are already abelian on odd degree elements of L they are not graded abelian. 

^That is {—)'^^ detects and reflects quasi-isomorphisms of free dgls. 
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Felix, Halperin, and Thomas give a proof of the second statement for free dgls in fVQjC in 
[FHT 22.2], which is enough to imply this statement. Their proof uses the functor C : VQCr-i —>■ 
VQCr which is described in Chapter 6 - in particular this functor both detects and reflects quasi- 
isomorphisms. Furthermore there is a natural weak equivalence [C(L)]j-jq s{L)^^ (see 6.1.8). 
The result is therefore implied by the commutative diagram 



Li [e(Li)]j,g^^s(Li) 



ab 



[e(/)]DG sifr'' 

Y 



L2 [e(i2)]DG^^s(L2r^ 

and the fact that [— ]dg and s each both reflect and detect weak equivalences. 

A more direct proof may be given by introducing the induced map on the bracket-length filtrations 
(see §8.1) of Li and L2. If (/)*^ is a quasi-isomorphism then the induced map of filtrations is a 
quasi-isomorphism on the fibers Hn{f) (see §8.1) and so a quasi-isomorphism of the entire tower. 

In fT>QjC2 the theorem also follows immediately from the Hurewicz Theorem for topological 
spaces along with Theorem 6.1.13 and Lemma 6.1.8 which is stated later. □ 

Note that the corresponding statement about non-free dgls is not true. In particular, the 
abelienization functor on non-free DGLs, {—)^^ : VQC — > VQ does not preserve quasi-isomorphisms. 
For example consider the quasi-isomorphism 

/ : (Qv e Q[v, v] e Qw, diw) = [v, v]) {Qv, d = 0, [-, -] = O) 

sending v to v and the other generators to (where \v\ = 2A; + 1).^ The abelianization of this is 

ifT^ ■■ {Qv e Qw, d = 0) — > {Qv, d = 0) 

which is clearly not a quasi-isomorphism. 

We are particularly interested in a special class of maps between free dgl s which we call "freely 
generated maps" . Before defining these, however, we first describe another class of maps called "free 
maps" . 

Recall that on QC the categorical coproduct is the "free product" written ®. The free product 
of GL s L and K is given by allowing L and K to freely generate all brackets between them (we give 
a more explicit definition later in 4.1.15). Quillen defines free maps of dgls as follows ([Q69, II. 5]): 

Definition 4.1.8 (Free Map). A map of dgl s f : L ^ K is a. free map if as a map of graded Lie 
algebras, it is isomorphic to an inclusion of [L]qi^ with free cokernel, as expressed by the diagram 




*In our description of the left-hand dgl above, we mean that the differential of the other genrators is and the 
bra<;kets of other generators are 0. 
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Note in particular that: 

Lemma 4.1.9. Let f : L ^ K be a free map. If L is a free dgl, then K is also free. 

Proof. Suppose L is free. Coproducts are given by colimits, so they commute with left adjoint 
functors. In particular, coproducts commute with L(_) : Q QC; thusLy®Liy — hy^^y. Therefore 
if i = (L^y, d) and f : L ^ K is a free map, then 

[K]gl = [L]gl®I^V = Liy®Ly = hyeW 

In particular, K is free. 

[This also follows from the later result that the free maps are precisely the cofibrations in VQC 
and the free dgl s are precisely the cofibrant dgl s.] □ 

One useful way of constructing free maps in fVQjC is given by the following lemma: 

Lemma 4.1.10. Let (Ly, d), (Lw, d') G fVQC^ and f : (Ly, d) {l^w, d') be a T>GL-map such 
that [/]gl = Lj? where f -.V ^ W is an injection. Then f is a free map. 

Proof. Recall that injections in Q always split. Thus / may be written as f : V ^ V (B U where 
W = V ®U. Then [/]gl : Ly ^ L(7 = LySL^/, is the inclusion map Ly Ly®L[/. □ 

The actual class of maps which wc are interested in are a little weaker than those in 4.1.10. We 
call these maps "freely generated maps" . 

Definition 4.1.11 (Freely Generated Map). Given / : (Ly, d) — > (L^y, d') a DGL-map. The 

map / is freely generated if [/]gl = '^j- where f : V ^ W is any G-map. 

Write TVQCj. for the subcategory of fVQC^ consisting of free dgls of the form (Ly, d) and all 
freely generated maps between them. 

4.1.2 Adjoints between VgC and Vg 

Recall the functor [— ]dg^ : VQCr — > 'DQr which forgets the bracket structure of a DGL. Our notation 
is [(i., d, [— , — ])] = {Lm, d). The forgetful functor has a section the functor [— Jdgl^ : T^Gr 
VQCr which equips a dg with a trivial Lie bracket (i.e. [l^]DGLr is given by [F]DGLr= {V, [—, — ] = 
0)). We are particularly interested in associated functors to and from VQ given by composing the 
above with the inclusion of categories functor and reduction functor. Abusing notation, we write 
[— ]dg and [— Jdgl^ for the compositions 

[-]dg : -DQCr Wr ^ -DG 

[-]dgl. : vg ^ vg, vgCr 

Oftentimes we will sloppily write just [— ]dgl, [— ]dg, and [— ]g for the functors [— Jdgl^, [— ]dg^5 
and [— ]Gr with the understanding that r is implicitly present and determined by context. 
The above compositions are part of adjoint pairs between VgC and T>g given by: 
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Lemma 4.1.12 (Adjoints). The following give adjoints between DQCr and T>Q:^ 



L(_) : Vg, 



r ■< 



^ vgCr : Hdg 



(-)' 



,ab 



incl 



W : [-]dgl. 



where incl is the inclusion of categories functor. 

Furthermore these adjoints are sections in the following sense: 

• [— ]dgl^ : T^Qr VQCj. is a section of [— ]dg,. • T^G^r — * 'Dg^. 

• L(_) : VQr VgCr is a section of : VQCr ->■ VQr- 

Note that related to the rational Hurewicz Theorem is the much more obvious lemma: 

Lemma 4.1.13. If L & 'DQCq is a dgl, then the dg [I/]dg is contractible if and only if L is 
contractible. 

f 

Moreover if Li,L2 € VQCq are dgl s then a DGL-map ii — > L2 induces a DG-quasi-isomorphism 
[-J'iIdg — — *■ [-^2]dg if and only if f itself is a quasi-isomorphism. 

Remeirk 4.1.14. Given L a dgl, a composition of the right adjoints [[-^]dg]£)ql recovers L up to 
bracket information: 



where do = dy is the degree part of the differential of (Ly, d); d^o ~ d — d.Q is the part of the 
differential of (Ly, d) which increases bracket length by at least 1; and ^L^^jab differential on 



4.1.3 Limits and Colimits 

The category VQCr has both products and coproducts. We denote the coproduct of two dgls 

by ®, and the product by x. Below, we neglect to mention the precise category where products, 

coproducts, limits and colimits are taken. The understanding should be that if objects or diagrams 

are in VQCr then the products, coproducts, limits and colimits are those of the category VQCr as 

well. We implicitly assume that r > (though the definitions of products and limits given below 

are still correct for r negative). Note that the operations ® and x are defined in such a way that 

for X, Y simply-connected spaces we have: 

^The truncation functor VQ VQj. may be used to extend the top adjoint pair to VQ ^ VQC^, but since 
truncation doesn't preserve weak equivalences, we do not wish to go that far. 



L = ([[WDGji^J^e't-'-]^) 



Similarly, given L = (Ly, d) a free DGL, a composition of the left adjoints ]L(j;,)ab recovers L up to 
higher order differential information: 




the truly free DGL L(j;,)a,b . 
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• TT^XVY) ^ (7r,(X)oQ)® (7r,(y)®Q) 

• TT.iXxY) ^ (TT^iX) ® Q) X {tt,{Y) Q) 

Lemma 4.1.15 (Sums). Given two dgl s Li = (V,, dv, [— , — ]y) and L2 = {W,, dw, [—j—]w), 
their categorical coproduct is given by their free product 

Li®L2 := (L(y0vy)/7, d®) 

where I is the ideal 0/ L(y0VK) generated by elements of the form i{[vi,V2\v) — [i{vi) , i{v2)] and 
j{[wi,W2]w) — [j{'Wi),j{w2)], i : V ^ V ® W, j : W ^ V (B W; and rf® is the free differential 

induced on 'hv®w by the differentials dy and dw 
This generalizes to give all small coproducts. 

Lemma 4.1.16 (Products). Given dgls Li = (V,, dv, \—,—\v) and L2 = (W,, dw, [—,—\w), 
their categorical product is the dgl 

Li X L2 := {V, X W„ dx, [-,-]v x [-,-]w) 

where dx is the differential induced on V, x W, by the differentials dv and dw (it is defined by 
d(^{v,w) = {dvv,dww)). 

This generalizes to give all small products. 

In general, if Li and L2 are GLs then Li®L2 is their eatcgorical sum in QC. Recall that left 
adjointness of implies that Ly(i)Lvi/ = Ly^vK- From this it follows that on free dgls the 
categorical product and coproduct (of VQL) may be given a slightly simpler form. We make critical 
use of this when defining cones, suspensions, and general homotopy colimits. 

Corollary 4.1.17 (Sums on fT>QC). Given the two free dgls (with chosen isomorphisms) Li = 
(Ly, di) and L2 = {l^w, (^2) their coproduct is isomorphic to 

Li®L2 = {I^vfsw, d) 

where d is the differential induced by di and d2 ■ 

Corollary 4.1.18 (Products on fVQC). Given the two free dgls (with chosen isomorphisms) 
Li = (Ly, di) and L2 = {l^w, £^2) there is a quasi-isomorphism of DGL s 

I/i X X2 — (Ly, di) X {hw, da) <^ O^v®^w®^s{V0W)j d) = {^v®w@s{vi»w)j d) 

where d is di on Ly, d2 on hw, d{s{v 18) w)) = [v,w] — s{di{v) (g) w) — (— l)l''ls(t; d2{'w)) on the 
generators of ^s{v«iW) > and d is extended freely to brackets of these elements. 

Proof Sketch. The quasi-isomorphism above is / : {L,v®l'W®^s(V0W) , d) — > (Ly, di) x {hw, da) 
given by the identity on Ly and hw, on ^^(^v^w), and on all mixed brackets. □ 

Finally, note that the category VQCr has puUbacks and pushouts: 
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Lemma 4.1.19 (Fullbacks and Pushouts). The pullback of the BGL-diagram Li ^ K L2 
is given by: 

Li XkL2 :={{li,l2)€LixL2 | + /2(/2) = 0} 

The pushout of the DGL-diagram Li <— ^ K — ^ L2 is given by: 

Li®kL2 := (Li®L2)/(/i(fc) + /2(fc)) 

where {fi{k) + f2{k)) is the two-sided Lie-ideal generated by the elements fi{k) + f2{k). 

In general all small limits and colimits are given by the appropriate equalizers and coequalizers 
(kernels and cokernels) of products and coproducts as in Theorem 2.1.2. 

Corollary 4.1.20. Let f he a map f : K ^ L. The fiber of f is ker(/); the cofiher of f is coker(/). 

Remark 4.1.21. Wc can also recover the formula for the categorical product and more generally 
all limits in T>QCr using the adjoint functors from the previous section along with the comments in 
Remark 4.1.14. Since the functors [— ]dg and [— ]dgl are both right adjoints, they commute with 
limits. In particular, if D : I — > T>QCr is a diagram in VQjCr then we have 



^Ci]dGL ~ [liniI>6[I']DG] 



DGL 



According to Remark 4.1.14, this means that in order to compute a limit in VQC, we may instead 
compute the corresponding limit in T>Q and then figure out the correct Lie bracket structure on the 
result. Wc leave it to the interested reader to prove that in general there is only one Lie bracket 
structure possible such that there are natural maps lim-DgcT) — > T) which descend to the existing 
natural maps [limx>g£D]DG = liini5e[I']DG — > [25] dg- This is what is meant when people say that 
"hmits in VgC are created in Vg."^ 

Similarly, since the functors (— and L(_) are both left adjoints they commute with colimits. 
For D' : J ^ TVQLr a diagram in TTiQLj. we have 

I-'(colim^^g^D')'''' ~ I-'colim-Dg(D')*'' 

[It is an easy exercise that colim^^g^ D' = colimpg^ D'.] Now 4.1.14 suggests that colimits in 
TT)QL may also be created in T>Q. This is in fact the case. Again we leave it to the interested 
reader that there is a unique derivation which recovers the higher order differential information on 
colim^j,g£^' so that there are natural maps D' — > colim^j^gr^' which descend to the existing 
natural maps ifD'Y" — > (colim^j,^^!)')^'' = colimp0(D')''''- 

4.1.4 Cones, Suspensions, Paths, and Loops 

Definition 4.1.22 (Unreduced Paths). Given L an r-reduced dgl define the unreduced paths on 
L to be the (r — l)-reduced dgl given by: 

pL := [L, e s-^L., rfp, [-, -]p) 



®See [MacL, pl22] for a precise definition. 
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• dpih + S-H2) = dLh - s-'^idLk + h) 

• [— , — ]p is defined by: 

• ['ij ^2]p ~ [h,l2]L 

• [h,s^^l2]p — ^s~^[Ii,12]l (anti-commutativity forces [s~^li,l2]p = (-1)''^' ^^""^[^i, ^2]l) 

• [s-Hi,s-H2]p = 

Note that this is just the paths on the underlying DG of L p[-^]dg — equipped with a Lie 
bracket which is compatible with the differential of p[L]dg- Again, just like paths on a topological 
space X, the unreduced paths on L is a contractible DGL which conies equipped with a (degree- wise) 
surjection pL L. 

Definition 4.1.23 (Unreduced Loops). Given L an r-reduced DGL define the unreduced loops 
on L to be the (r — l)-reduced DGL given by s~^L := (s~^[L]dg, [— , — ] = 0) = [s~^[-^]dg] dql" 

At times we wish to use a slightly larger model for unreduced loops: 
s-^L := (s"^i. e i. e s-'^L,, d§, [-, -]|) 

• dsi-s^^h, k, S-H2) = {s-^i-dLh + fc), difc, s-^i-dLh + k)) 

• [— , —]s is on elements both from one of the two copies of s~^L, the inherited bracket on 

L, and on mixed brackets is given by 

• \k, s~^li\$ = ^s~^[k, (anti-commutativity forces [s~^li, k]s = {—iy'^^s~^[li, A;]i,) 

• [s-Hi,s-H2]s=0 

where {s~^h, k, s~'^l2) e s~^L, x L, x s~^L, 

Again, s~^L is just r2[L]DG equipped with a Lie bracket which is compatible with the differential 
of f)[L]DG- Also, there is a surjection s~^L ^ L which plays the role of the midpoint evaluation map 
in Top sending ClX — > X. Furthermore, two injection maps from s~^L each give quasi-isomorphisms 
s-'^L s-'^L. 

Remark 4.1.24. The DGLs s~^L and s~^L are both puUbacks: 

• s~^L is the puUback of Odgl ^ L ^ pL 

• s~^L is the puUback of pL <— L — > pL 

In general, if L e VQCr then f>L,s~^L,s~^L e T>QjCj—i- In fact, from their definitions it is 
clear that these define functors VQCr — > VQCr-i- In general we wish to instead have functors 
T>QCr VQCr- [Note in particular that if L is 0-reduced then the above objects are all (— 1)- 
reduccd which is unfortunate, since for much of the section so far we have been assuming that all 
DGL s are trivial in negative gradings; but not terrible since the structures above still make sense for 
negatively graded DGLs.] To remedy this, we compose with the r-reduction functor: 
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Definition 4.1.25 (Paths and Loops). Define the paths and loops functors VQC^ — > VQC^ by 

• p : VgCr VgCr by pi = pL. 

• n : VgCr ^ VgCr by = sz}L = [s-M-^^IdgIdgl/ 

Prom 3.1.4 we have that pL is still a contractible dgl. Also there is a map p-L — > L which, 

although it is no longer necessarily a surjection in degree r, is still a fibration (sec the following 
subsection). Since reduction is a right adjoint, VlL is the puUback of Odgl —> L <— pL. We may 
similarly define ClL — s^^L and we get that ClL is the puUback of pi — > L <— pL. 

Given a free dgl of the form Ly = {hy , d) we we write L^y for the truly free dgl given by 
L,sv = ^s(v,dv) (I'ecall that dy is the restriction of to F the generating g). This dgl plays the 
same role that sV played for dg s in defining cones and suspensions. 

Definition 4.1.26 (Cone of Ly). Given — (Ly, d) define the cone o/Ly to be cLy the free 
DGL given by taking the free product of DGLs hy®hsy and then modifying the differential: 

cLy := {[L,y®Lsv]GL, = d@ + 'Ld') 

where rf® is the differential on L,y®'LsV and L^/ is the derivation freely generated by the differential 
on {V © sV) given by d'{sv) = v fov v £V (recall that [Ly®Lsy]Gi = hy^sv)- 

By Corollary 4.1.17, cLy is merely hy^gV with a modified differential. Also, by the rational 
Hurewicz theorem, chy is contractible. And of course, there is a DGL-map hy — > cLy which is as 
we desire. Note that the map Ly — > cLy is in fact a free map of free dgls. 

Definition 4.1.27 (Suspension of Ly). Given Ly = (Ly, d) let the suspension of hy be the 
truly free DGL SLy := L^y defined above. 

At times we desire a slightly different model. Define ELy to be the free product of DGLs 
hsy®hy®hsy with a modified differential: 

SLy := ([Lsy{i)Ly®Lsy]GL, df, = d@+Ld') 

where L^' is the derivation freely generated by the differential d'{svi ®V2® sv^) = (B {vi + v^) ®0 
on sV ®V ®sV (recall that [Lsy®Ly®Lsy]GL = l'sV@v®sv)- 

By Corollary 4.1.17, SLy is merely L^y^y^^y with a modified differential. 

Remark 4.1.28. By construction, we have that 

• SLy is the pushout of Odgl ■*— Ly — > cLy. 

• SLy is the pushout of cLy <— Ly cLy. 

More generally, if L is any free DGL, then we may define the suspension of L to be SL := Lg(j;,^ab. 
Note that this construction extends naturally to all of VgCr and furthermore that: 
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Lemma 4.1.29 (Suspension). A left adjoint of the functor fl : DQCj. DQC^ is given by the 
functor S : L I— > L^^^^^ab . 

Proof. By definition O and S are the following compositions of adjoints: 

incl i-r" s H-) 

S : VgCr ^ VgCr-1 ^ VOr-l ^ VQr -j ^ : 

redr [-]dgl [-]dg 

□ 

4.2 Model Category Structure 

Recall that quasi-isomorphisms of DGL s are DGL-maps which are quasi-isomorphisms on the underly- 
ing DG s. The usual model category structure on VQC^ (from e.g. [Q69 §5]) takes quasi-isomorphisms 

to be weak equivalences, degree-wise surjections in degree > r to be fibrations, and allows cofibra- 
tions to be determined by left lifting with respect to acyclic fibrations. Under this model category 
structure, all objects are fibrant. 

Theorem 4.2.1. This gives a model category structure on T>QCr (r > 1).^ 

Proof. Quillen shows in [Q69, B.5.1], that this structure satisfies all of the modern model category 
axioms except for Ml (small limits and colimits) and M5 (functorial factorizations). We have already 

constructed small limits and colimits in T>QCr in Lemma 4.1.19. So it remains only to show that 
VQCr has fmictorial factorizations. However, this implicitly follows from the proof of factorizations 
given by Quillen, since he uses the small object argument. □ 

The following proposition is also proven by Quillen: 

Proposition 4.2.2 ([Q69, 5.5]). Cofibrations inVQC are the free maps. 

Corollary 4.2.3. The cofibrant objects in VQC are precisely the free objects fVQL. 

The identity functor serves as a fibrant replacement functor. VQC also has a (fibrant) cofibrant re- 
placement functor (given by £<C) which is described in Chapter 6 and in particular by Corollary 6.1.7. 
This cofibrant replacement functor is particularly nice. The following lemma immediately follows 
from the definitons of L and C which is given in 6.1.2 and 6.1.1: 

Lemma 4.2.4. The cofibrant replacement functor in VQCr is a functor HG : VQCr ^ J- VQCr- 

That is, cofibrant replacement takes DGL s to free DGL s of the form (Ly, d) and DGh-maps to 
freely generated maps of the form : {hy, d) (L^y, d'). 

Note that under the above model category structure, the adjoints which we gave in Lemmas 4.1.4 

and 4.1.12 become Quillen adjoint pairs (2.2.2): 

'^It is possible to extend this model category structure to define a viable model category structure on VQCq; 
however we do not need this, so we stick with the easily defined and proven case. 
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Lemma 4.2.5. The adjoint pair given in Lemma 4-1-4 

Hdgu ■■ I^G^r Vg£t : red,(-) 
(t < r) is a Quillen adjoint pair. Also both of the adjoint pairs from Lemma 4-1-12 

are Quillen adjoint pairs. 

Proof. The right adjoints redr(-), [— Jbg^j ^ind [— ]dgl^ all preserve fibrations, since these are merely 
degree- wise surjcctions in "Dg and degree- wise surjections except for in degree r in 2?^^ and VgCr. 
The functors [— JoGLt and rcd^ clearly both preserve all weak equivalences. And, since weak equiv- 
alences are defined on the level of underlying DGs, they are also preserved by [— ]dg and [— ]dgl- 
Since the right adjoints in the above pairs each preserve all fibrations and trivial fibrations, the left 
adjoints must also preserve all cofibrations and trivial cofibrations and the pairs are Quillen adjoints 
as claimed. □ 

Note that the top adjoint from Lemma 4.1.12 does not extend as a Quillen adjoint all the way 
to Vg. This is because the adjoint pair truncr : Vg <=^ T>gr : incl is not a Quillen adjoint pair. 
Lemma 2.3.4 now provides us with the following corollary: 

Corollary 4.2.6. The right adjoint functors redr(— ) : VgCt VgCr, [— JoG^ • T>g£r Vg^, and 
[— ]dgl : T^g VgCr preserve all weak equivalences and therefore all homotopy limits. 

The left adjoints [-\t,gu ■ T^Q^r ^ TigCt, L(_) : Vgr fVgCr, and : fVgCr Vg 

induced by the above preserve all weak equivalences and therefore all homotopy colimits. 

Proof. It remains to show only that the left adjoints L(_) and {—Y^ preserve weak equivalences; 
however this follows from the rational Hurewicz Theorem (4.1.7). □ 



4.2.1 Homotopy Limits and Colimits 

By [DHKS] all homotopy limits and colimits in VgCr exist (see 2.3.3). We use 4.2.6 and 4.1.14 in 
order to construct nice models for homotopy limits and colimits in VgCr in much the same way as 
we commented in 4.1.21 that we could have created limits and colimits in VgCr. Essentially, our 
construction is as follows: If D : X — > VgCj. is a diagram in VgCr then up to bracket, the homotopy 
limit of D in T>gCr is given by 

[[holimx>5£D] 

Similarly (if D is a diagram in J^VgC) up to higher order differential information, the homotopy 
colimit of 2) is given by 
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To construct models for homotopy limits or colimits in VQCr we insert our models for homotopy 
limits or colimits in VQr (given in Section 3.3) into the above and then supply the missing Lie 

bracket or higher order differential information. 

More precisely, note that if holimpg^ : (VQCr)'^ — > TiQCr is any I-homotopy limit functor on 
VQCr then it satisfies the following properties: 

• holimp0£ is a homotopy functor (i.e. it preserves weak equivalences^). 

• holimpg(— ) = [holim^g£[— ]dgl] is an X-homotopy limit functor on VQ such that 

[holim|,g.£D]j^g = holim|,g[D]DG 
for all I-diagrams 2) : X — > VQCr- 

• There are natural maps limpg^ D holimf,g£ D. 

• These maps descend to the natural maps limx)g[lD]DG — >^ holimp0[!D]DG- 

According to the following theorem, these properties are enough to characterize X-homotopy limit 
functors on VQCr'- 

Theorem 4.2.7 (Creation of Homotopy Limits and Colimits). Let holimpg and hocolimx>g 
he any I -homotopy limit and colimit functors on VQ^. 

1. Suppose F : [VQCr)''' — > VQCr is a functor from I-diagrams in VQCr to VQCr such that for 
all I-diagrams D : I — > VQCr, we have 

. [F(D)]j^^=holim^,5[D]DG.' 

• F is equipped with natural maps ep ■ limxigc — * Pi"^)- 

• [cfIdg is the canonical map limx>e[I']DG holimx>0[D]DG- 

Then F is an I-homotopy limit functor on VQCr ■ 

2. Dually, suppose G : {VQCr)''' — ^ fVQCr is a homotopy functor such that for all I-diagrams 
D : X — > VQCr we have 

• {G{'D)f^ = hocolimx,c;(D)^b_ 

• G is equipped with natural maps ec ■ G{D) colimDg£(D). 

• {^g)'^^ is the canonical map hocolimDg(2))'**' — »• colimx)g(D)'*''. 

Then G is an I-homotopy colimit functor on VQCr- 

^Recall that weak equivalences of diagrams axe natural transformations which give wealc equivalences objectwise. 
®Note that this is stronger than the statement [^([I']dgl)] jjq = holimj5g(CD) for all D : X — > VQ. 
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Recall that [DHKS] construct X-homotopy limit and colimit functors on the model category 
^A using virtually-fibrant and virtually-cofibrant diagrams in Ad - setting holim^n D = lim^vi I'vf 
and hocolim^vi I* = colimTvi Dvc- Wc will show that there is a zig-zag of natural weak equivalences 
between F and the functor holimpgz; constructed in this way as well as between G and the functor 
hocolimDg£ constructed in this way. 

The proof of 4.2.7 relies on the following two technical lemmas: 

Lemma 4.2.8. The functors [-]dg : (VQCrf {VQrf and {-Y'° : {VgCrf {Wrf preserve 
virtually-fibrant diagrams and virtually-cofibrant diagrams respectively. 

Lemma 4.2.9. Let D : X — > VQjCr be an I-diagram in DQCr- Then coYwa-Dgcifiyc) is cofibrant 
(i.e. colimx)g£(2)vc) is a free bgl). 

These lemmas follow directly from the properties of virtually-fibrant and virtually-cofibrant di- 
agrams (see [DHKS 20.5] or else our discussion of the proof of Theorem 2.3.3). 

Proof of 4.2.7. We begin with (1): 

First we show that F is a homotopy functor. Suppose i : Di T^i is a weak equivalence of 
diagrams. Then [^Jdo : [2^i]dg [I'2]dg which induces a weak equivalence 

[i^(Di)]pQ = holimpa[Di]DG ^^^J^.^ ' holimpa[D2]DG = [Fps)]^^ 

However, this map is [F(i)]DG- So F{i) is a weak equivalence by 4.1.13. 

Since _F is a homotopy functor there is a natural weak equivalence F{T)) -^-^ F{Dyf ) induced by 
the virtually-fibrant replacement fimctor in {DQCr)^ . Consider the map ep : \m\x>gc{'^v^) ^ P{'^vf) 
descending to [bfIdg : limpg ([T)vf]DG) ^ holimx>g[Dvf]DG- Since [-]dg : {VQCr)'^ (VGr)^ 
preserves fibrations, the diagram [DvfjoG is virtually-fibrant in [VQrY' . Thus limpg ([DyfJoG) is a 
homotopy limit functor on VQ which means [cfIdg is a weak equivalence. Therefore is a weak 
equivalence by 4.1.13. We have now completed a zig-zag of natural weak equivalences 

F{D) F(D„f) ^ limpe^D^f = holim^jgr© 

Part (2) is proven similarly. Virtual-cofibrant replacement in (VQCr)'^ yields a natural weak 
equivalence G(I'vc) G{T>). The map (ec)'*'" : hocolimi50(Dvc)'*'' — > colimi50(Dvc)'''' is a weak 
equivalence because (Dvc)'^'' is a virtually-cofibrant diagram in T>Q which means colimx>£;(I>vc)'*'^ is 
a homotopy colimit functor on VQ. Since colimx)c;£(I'vc) and G'('Dvc) are both free, the rational 
Hurewicz Theorem (4.1.7) tells us that (ec)'^^ is a weak equivalence if and only if ec is a weak 
equivalence. Thus we have a zig-zag of natural weak equivalences 

G(D) ^ G{D^c) ^ colimcgrDvc = hocolimcgrD 



□ 
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Homotopy Limits in DQCj. 

Given D the DGL-diagram Li — !-> K ^ L2 with each Lj r-reduced, let denote the (r — l)-reduced 
DGL given by: 

:= ((ii X s-^K X L2),, dj,, [-, -]y) 

• dj,{li, s-^k, I2) = (dLji, s-^ {fi{li) - f2{l2) - dxk) , dL^hij 

• [— , — ]j, is on s~^K^s~^K, the inherited bracket ([— , — ]ij on Li^Li, and on mixed brackets 
is given by: 

• [s-ifc, = fi{li)]j^ (forcing [k, s-'k]^ = i s"! [/^(/i), k]^) 

• [h,l2]y = 

where G and s~^A; € s~^K. 
Note that Td is just J'[i>]dg equipped with a compatible Lie bracket. 

Proof that this is a DGL. Since [J'd]q(-< = ■''[D]dg ^^'^ ^^^^ that dy o dy = follows from the cor- 
responding fact about the DG J'iuIqq proven in 3.2.1. Also, we have defined the bracket of 
specifically so that it is anti-commutative. Thus it remains to show only that the bracket and dif- 
ferential are compatible. This is trivial for brackets of two elements of s~^K. For brackets [/i, ?2]3> 
of elements li € the following shows compatibility: 

[dyhM] y + {-lf'\k,dyl2\ y = [dLMM] y + [s-^hih), h] y 

+ {-lp\[h,dLMy-i-^f'^[h.s-^f2{l2)\y 

= \ [hih), /2(/2)]^ - + i S-'ihih), f2{l2)]K 

= 

= dy [hjh] y 

For brackets [t^jW^lj of elements v,w G Li the following shows compatibility: 

dy[V, W]y = dy[v, 

= dLAv, w]L,-i-iys-^M[v, w]l,) 

= [dL,v, w]^^ - {-iy^^s-'[fi{v), Mw)]^ 

+ [V, dL,w] - i-iy \ [fi{v), Mw)] ^ 

+ [v, dyw] 5, - (-l)!"! [v, i-iys-'Mw)] 5, 

= [dyV,w]^ + {-lP[v,dyW]^ 
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For brackets [s ^k, of elements k G K and Zj G Li the following shows compatibility: 

[d^s-^k, k]^- dy,h]^ = [s-^dKk, h]^ 

= -\s-^[dKk, /,(?,)]^-(-l)l'=lis-l[fc, h{dLM)\K 
= -i {s-'[dKk, Mh)]j^ + i-lpS-' [fc, dKfi{h)]j,) 

= -^s''^dK[k, Mli)]j^ = ^dy,s~^[k, fi{li)]j^ 

□ 

This DGL essentially gives us homotopy puUbacks: 

Lemma 4.2.10 (Homotopy PuUback). Given T) the DGL-diagram Li K L2 with each Li 
r-reduced, the homotopy pullback ofT) in VQCr-i is Td. 

Proof. By 4.2.7, all that is required is to construct a map lim-p5£^_j (D) Vd. Note that 
limr)£;£^_i (23) = limpgc^ (2)) — Li Xk -^2- The desired map is given by (Zi, I2) 1— > (/i, 0, I2) (by 
construction, this map respects the bracket and differential). □ 

fi h 

Corollary 4.2.11. Given T> the HGi.- diagram Li — > K < — L2 with each Li r-reduced, the homotopy 
pullback ofD in VQCr is Td := Td = redr(TD)- 

Corollary 4.2.12. Q.L is the homotopy pullback in VQLr of the diagram Odgl — > i <— Odgl- 

Corollary 4.2.13 (Homotopy Fiber). The homotopy fiber of the map f : L ^ K in VQCr is 

given by 

hofib(/) = vedr{{s~^K x L)„ rfhofib, [-, -]hofib) 

where 

• d^o&b{s~^k, I) = {s~^{f{l) - dxk), dLl) 

• [s-^k, Z]hofib = \s-^[k, /(O]^ (forcing [I, s-ifc]hofib = (-l)l'l \ [/(/), k]J 

• [Zl, Z2]hofib = [Zlj Ii]l 

• [S~^fci, S~^fc2]hofib = 

In general these constructions may be extended in the obvious manner in order to define higher 
dimensional homotopy puUbacks or indeed any homotopy limit in VQLn- However, for our purposes 
all that we will explicitly require is the above homotopy pullback. 
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Homotopy Colimits in VQCr 

Our strategy is to first construct homotopy colimits (in VQCr) of diagrams in TVQCr and then 
use these to get homotopy colimits of diagrams in VQCr- We call diagrams in the image of the 
inclusion {J^DQjCr)'^ ^ {VQCr)'^ freely generated diagrams. Just as a free VQC is given by the DGL 
freely generated by a DG along with some higher order differential information, a freely generated 
diagram is given by the diagram in "DQC freely generated by a diagram in VQ plus some higher 
order differential information. The homotopy colimit of a freely generated diagram is the DGL 
freely generated by the homotopy colimit of the associated diagram in VQ plus some higher order 
differential information. It follows from Lemma 4.2.4 that our cofibrant replacement functor (£C) 
on VQCr takes all diagrams to freely generated diagrams. 

Writing hocolim^^jg^ • {^VQCrY ~^ fT^Q^ for our functor giving homotopy colimits of freely 
generated diagrams in VQCr, an X-homotopy colimit functor in VQCr is then given by the compo- 
sition 

hocolimpg£(— ) := hocolim^p^^ (iLC(— )) 

This is our model for general homotopy colimits in VQCr', however, in practice almost all of the 
diagrams which we are interested in are already freely generated diagrams. In these cases, we may 
use the simpler model hocolim^^g^ for their homotopy colimit, since for freely generated diagrams 
K there is a natural weak equivalence 

hocolim_^j,g£23 hocolim_^pg^X!;C(D) = hocolimpg^D 

induced by the natural weak equivalence D <^ IIS(D). 

It follows from the definition of TVQC that an X-diagram D : I ^ VQCr in VQCr is a freely 
generated diagram if, as a diagram of graded Lie algebras, it is the free extension of a diagram of 
graded vector spaces: 

[D]gl = ILf, where i) :! ^Qr 

Example 4.2.14. Let (Ly, d) be a free dgl. The following diagrams are both freely generated: 

1- Odgl (Ly, d) Odgl 

2. Odgl ^ (W, d) i (Ly, d) 

We define homotopy colimits of freely generated diagrams so that the homotopy colimit of (1) is 
E(Ly, d) as defined in 4.1.27 and the homotopy colimit of (2) is c(Ly, d) as defined in 4.1.26. 

We begin with simple diagrams: 

Suppose T) the freely generated pushout diagram (L[/, d') ^— ^ (Ly, d") (Lw) d'") in VQCr. 
This diagram has [D]gl = where I) is the diagram U J-V rnQr- Note furthermore that 

(D)*b ig the diagram {U, d'^) ^ (V, d'{r) (W, d'^) in VQr and = I). 

Let Cn be the free cylinder dgl given by: 

:= (L(7®Lsy(i)Liv, de = d^ + '^dt<i) 
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where 

• c^g is the differential on (L[/, d')®l^s(v.d'^)®{^w , d'"). 

• L(j/g is the difForontial on the GL I^ij®hsV®^w = "^u^sVisw freely generated by the differential 
OTiU ® sV ®W given by df^{sv) = /(w) + g{v) for v eV. 

Since the functor L(_) is a section of it follows that 

(Cd)^^ = [[{U, d'u) e s{V, 4) e {W, d'^)] ^, d = d^+ df^) = hocolinipg(D)^'' 

Furthermore there is a map Coj — > colim D given by the composition 

e© (Lc/, d')®{l.w, d'") colim275£D 

And this composition descends to 

hocolimp0(D)'*^ — ^ {U, d'^) (W, d'{^) — > colimp0(D)'*^ 



which is the natural map hocolimuc; — » colimxic; described in 3.2.4. Also, C(_) is a homotopy functor 
on diagrams in J^VQC because i : T>i —> T>2 a weak equivalence implies hocolimi)g(i)^'' — (C(i))'^^ 
is a weak equivalence and so C(i) is a weak equivalence by the rational Hurewicz theorem. 
Thus Theorem 4.2.7 gives us 

Lemma 4.2.15. The composition C^e(-) homotopy colimit functor. 

In particular, ifD is a freely generated diagram in VQCj- then the dgl ~ Qce-D is a model 
for the homotopy colimit (in VQC^) ofD. 

Corollary 4.2.16. The following functors (defined earlier) are models for homotopy colimits 

• E(Ly, d) = hocolimi,g£ ^Odgl •< — (Ly, d) — > Odgl) • 

• c(Ly, d) = hocolimue^ (Odgl^ (Ly, d)^{hv, d)). 
Remark 4.2.17. could also be written as 

= (^[^U,d'u)(Bs{V,d'^)(BiW,d'^)]Gi^, de =d]L + d>o) 

• <iL is the differential on the truly free dgl l^(u,d'^)(Bs{v,d'^)(B{w,d'^)- 



• d>o is the degree —1 map on hu^sV®w = hu®^sV®^w generated by d' — d'u on Lf/ and 

Jill 
'■w 



d'" - d'" on hw 



More generally, given 2) : X — > TVQCr a freely generated diagram, we could define the homotopy 
colimit of T> along the lines of 



hocolim^^g^D := ( []Lhocoiimi,e(D)«b] ql' d = di^ + d 



>o 



1.4 Differential Graded Lie Algebras 



59 



where dj^ is the differential on the truly free dgl Lhocoiiinx,£i(ii)ab and rf>o is the degree —1 map 
adding back in all of the higher order differential information (as above) so that there is a natural 
map hocolim^pg^D coVLm-pgc 'D (recall that hocolimDg of a diagram is a large direct sum (with 
modified differential) of the DGs in the diagram and their iterated suspensions). We will not be 
more specific here because we will not need explicit models for the homotopy colimits of complicated 
diagrams. The only remaining fact which we need is: 

Theorem 4.2.18. In VQCr, sequential homotopy colimits commute with homotopy pullbacks. 

Proof Sketch. It is enough to show this for freely generated diagrams D : T x J7 ^ TVQC, since 
cofibrant replacement gives a weak equivalence £6(2)) D natural in D and CjG{D) is freely 
generated. 

For freely generated diagrams, however, this may be proven by a large computation just as the 
corresponding theorem for VQr (3.3.7). The critical fact is that infinite ®'s of free DGLs commute 
with finite x . 

Kuhn also comments in [Kuhn p6] that this may be shown using fact that the sequential small 
object argument applies in VQjC. 

□ 
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Chapter 5 



Differential Graded Coalgebras 



Differential graded coalgebras are also models for rational spaces. In this chapter we mirror the 
constructions of the previous chapter. Many of the proofs in this chapter are omitted since they are 
precisely dual to the proofs of corresponding statements for VQC in the previous chapter. 

5.1 Category Structure 

As well as differential graded Lie algebras, we are also particularly interested in differential graded 
coalgebras. By "differential graded coalgebra" we mean what is more precisely called a "differential 
graded, coassociative, cocommutative, coaugmented, counital coalgebra" : 

Definition 5.1.1 (DGC). A differential graded coalgebra (dgc) C = {V,, d, A, s, g) consists of a 
differential graded vector space V = {V,, d) equipped with a coassociative, graded cocommutative 
comultiplication map (of DGs) A : (F,, d) — *■ (V,, d) ® (V,, d) as well as a counit^ e : (14, d) Idg 
and coaugmentation g : Idg (K, d) properly compatible with A.^ 

Remark 5.1.2. Defining the comultiplication map as a DG-map imposes the following compatibility 
condition with the differential: If v <E V with A(v) = J^i'^i ® ^* then A(dv) ~ ^^dui ^ bi + 
(—l^kila- Also, our DGCs are graded cocommutative meaning that for A{v) = X^i^i ® 

have J^i ai®h = E»(-l)'"''''''''&» ® a,. 

Our general convention is that our DGCs have elvh : Vo ^ Q an isomorphism, and nothing in 
negative degrees (though some of our constructions arc still valid even if this is not the case) ; thus we 
standardly define and write only e with the understanding that g = Such DGGs are also known 
as "1-reduced" DGCs. A map of DGCs is a graded vector space map f -.V, ^ W, which is degree 
and preserves differentials {fd = df), coproducts ((/ /) o A = A o /), augmentation (e/ = e), 
and coaugmentation {fg = g). Surjections, injections, isomorphisms, and quasi-isomorphisms of 

-'-Recall: Idg = (Q^o, d = 0) the dg consisting of only a Q in degree 0. 

■^The compatibility condition is that if we give Idg trivial coproduct then these maps commute -with coproducts 
as well as differentials. 
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DGC s are DGC-maps which induce a surjections, injections, isomorphisms, and quasi-isomorphisms 
on underlying graded vector spaces. 

A DGC is called r-rcduccd if, aside from the coaugmentation, it is below grading r (i.e. C, = 
Q(B{Ci}i>r)- All of the DGC s which we consider are r-reduced for some r: our convention is to write 
VQCr for the category of all r-reduced dgc s and DGC-maps. The notation VQC without a subscript 
means either that the r is implicitly present and determined by context or else VQCi. Note that 
any differential graded coalgebra which in grading has only Q (which is not in the image of d) is 
canonically counital. Also, note that VQCr is a full subcategory of VQCt for all t <r. 

At times we find it desirable to work with non-coaugmented DGC s (given by {V,, d. A)). A non- 
coaugmented DGC is r-rcduced if its underlying DC is r-reduced. We write VQCr for the category 
of r-rcduced non-coaugmented DGCs. Given a DGC, C = (C,, dc^ Ac, s) £ VQCr, by the de- 
augmentation"^ C wc mean the non-coaugmented DGC C = (ker(£), d, A) G VQCr, given by d = 
d|ker(e) and A(c) — A(c) — l0c — c0l. For r > 1 there is a 1-1 correspondence between VQCr 
and VQCr given by taking a dgc to its de-augmentation C i— > C. The inverse functor is given by 
adding a disjoint coaugmentation C C+ given by C+ = ([C]dg©1dGj ^-i-, £ : Idg — * Idg) where 
A+(c) = Ac{c) + l^c + c(S$l for C = {C, dc, Ac). At times we find it convenient to describe DGCs 
by describing, instead, their de-augmcntation (sec for example Definition 5.1.3). When describing 
the de-augmentation of a coalgebra, our convention is to indicate this by putting a tilde over the 
coalgebra's name (e.g. C). 

The difference between coaugmented and non-coaugmented DGCs is similar to the difference 
between based and unbased topological spaces. This is the reason for our choice of the suggestive 
notation (— )+ and the terminology "adding a disjoint coaugmentation" for the map VQC — > VQC. 

Reduction is defined essentially by reducing the de-augmentations of a DGCs and then adding 
back a coaugmentation: 

Definition 5.1.3 (Reduction). * Given a t-reduced dgc C G VQCt with 1 <t <r the r-reduction 
redr(C) = & VQCr is the sub-DGC given by the following procedure: Write ved^^C for the 
reduction of C as a dg. Define 



and let C = C +. 

Lemma 5.1.4. Reduction is right adjoint to the inclusion of categories functor VQCr VQCt 



The categories VQCr are all pointed: The dgc consisting of only the counit with trivial differential 
and coproduct Odgc = (Idg, A(c) — l(8)c+c(g)l, e : Idg — ^ Idg) is both initial and final. ^ If a dgc 
^We would like to call this "reduction," but that word is already taken. 
^There is also a truncation functor, but we are uninterested in it. 
^Note: Odgc is given by Odgc = (Odg, A = 0)+. 




[-]dgc* : VQCr ^ VQCt ■ red^ 
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has trivial reduced homology Ht,{C) = Ht,{C) = (for example if C = Odgc) then we say that C is 
contractible. Note that C is contractible if and only if the map C Odgc is a quasi-isomorphism. 
In general of course, the homology of a DGC is a graded coalgebra, and taking homology gives a 
functor : VQC QC. 

5.1.1 Cofree DGCs 

Wc define cofrcc DGC s in a manner similar to the way that wo defined free DGL s. A similar note 
about heinous abuse of notation applies in this case as well - what we define should really be called 
a "differential cofree graded coalgebra." We nonetheless persist in calling it a "cofree dgc" . 

Given a graded vector space V = {Vi}i>2 starting in grading 2, we may consider the tensor coal- 
gebra TV, = 0J. T'^V, = 0J. {vi \ ■ ■ 'Ivk where Vi S V,}. This is the cofree, counital, coagumented 
(the unit is an isomorphism on degree e : TV ^ T°V = Q) coassociative coalgebra (with reduced 
comultiplication given by A(wi| • • • |?;„) = X]r=2(^il ' ' ' h^i-i) \ ' ' ' l"*^")) primitively cogenerated 
by V, but is not cocommutativc. Note that the symmetric group S„ acts on the left of r"V" (with 
signs according to the Koszul convention)^ . By KV we mean the invariants (or equivalently coin- 
variants) of these actions KV = ®i-{T''V)^'' = 0^, A'^V: the cofree, coaugmented, counital, graded 
cocommutativc coalgebra primitively cogenerated by the graded vector space V = V,. The functor 
A- : ^1 ^ gCi is the right adjoint of the functor [-]g : QCi ->■ Qi (see e.g. [Q69 B.4.1] or [FHT 
22.1]).'^ We write elements of A'^V by t;i A • • • A Wfe. 

Example 5.1.5. If V, is given by Vi = Qv for i some fixed integer and Vj = for all j ^i, then 

(i) if i is even, AV is the polynomial coalgebra on v over Q: 

AV = (QM, A(w") = v'® v^) 

i+j=n 

(ii) if i is odd, then AV is the exterior coalgebra on v over Q: 

AV = {Qv, A{v) = l>Siv + viS'l) 

Definition 5.1.6 (Co-Free DGC). A cofree differential graded coalgebra is a dgc C which, as a 
graded coalgebra, is isomorphic to a cofree graded coalgebra: 

[C]gl = AV where VgQ 

Write fVQCr for the full subcategory of all cofree DGCs in VQCr- 

^That is, acts by sl permutation of indices twisted by tlic sign of tlic permutation: 

tt(vi ig) ■ • • (g) = sgn(7r) {v^(i) ® • • ■ 

^As a graded vector space, AV is given by the graded-symmetric powers of V, so maybe SV would be better 
notation; however, AV appears to already be entrenched in the literature as the conventional notation for this 
object. Also S is already quite overused. 
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Writing C as C = ([C]gC) d) and pushing the differential of C across the isomorphism [C]gl — 
Ay, we get the equivalent statement that C is cofree if and only if C is isomorphic to a DGC of the 
form C = {AV, d) for some graded vector space V and differential d. 

Remeirk 5.1.7. Again the truly cofree objects in VQCr are those isomorphic to A(V, dv) (for some 
{V. dy)) in the image of the obvious functor A— : VQr — > VQCr which is right adjoint to the functor 
[— ]dg : T^GCr T>Qr- Truly cofree objects are denoted by C = A(V, dy) as opposed to regular 
cofree dgcs which are written C = KV = {KV, d). 

Closely related to fVQC is the category fVQC of all dgc s of the form (AV, d) and DOC-maps 
between them. Objects of fVQC consist of a cofree dgc C along with an isomorphism C = ( AV, d) 
(however, maps are not required to respect these isomorphisms). We may lazily write Ay = (Ay, d) 
for such DGCs (leaving the differential imwrittcn). The catcogrics fVQC and fT>QC arc equivalent, 
though not isomorphic. This allows us to construct most proofs about cofree DGC s by considering 
only cofree DGC s of the form (Ay, d) . In general, our intuition about fVQC follows from our intuition 
about objects (Ay, d). 

Dual to the case with free dgl s, free dgc s of the form Ay = (Ay, d) inherit an extra grading 
from the word-length grading on TV, which allows us to write the differential in the form d = 

do + + • • • where d^i : A'^y ^ A'^~*y. Again d^odo = 0, so d restricts to a differential dy = d\y 
on y. We write {V, dy) for the DC which this restriction defines. The DGC (Ay, d) is truly cofree 
(in the sense of 5.1.7) if d = do in this case (Ay, d) = A{V, dy). 

More generally, if C is any DGC we write (C)p' for the primitive elements of C. This is a DG 
given by (C)^" := ker(Ac), where Ac is the coproduct of C (and Ac is the coproduct of the de- 
augmentation C). [Since the differential must commute with the coproduct, it follows that d cannot 
increase word length. Note in particular that the differential on a dgc must preserve primitives.] If 
C ^ (Ay, d) then there is an isomorphism [(C)^'^]g — '^i and furthermore C is truly cofree if and 
only if C = A{C)p'^. The DGC version of the rational Hurewicz theorem states that (C)p'" captures 
much of the homology information of cofree DGC s: 

Theorem 5.1.8 (Rational Hurewicz (cofree DGCs)). IfC G f'DQC2 is a cofree dgc then the 
DG (C)p'" is contractible if and only if C is contractible. 

f 

Moreover if Ci,C2 £ fVQC2 are cofree DGCs then a DGC-map Ci — > C2 induces a DG-quasi- 
isomorphism (Ci)p'' > (6*2)^'' if and only if f itself is a quasi-isomorphism.^ 

Proof. In f'DQC2 this follows immediately from the Hurewicz Theorem for topological spaces along 
with Theorem 6.1.13 and Lemma 6.1.8 which are given later. 

□ 

Note that the corresponding statement about non-cofree dgcs is not true. In particular, the 
primitives functor {—)^'' : VQC — > VQ does not preserve quasi-isomorphisms. 
*That is, (—)'"' detects and reflects quasi-isomorphisms of cofree DGCs. 
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Just as with free dgl s we are interested in two special classes of maps called "cofree maps" (in 
VQC) and "cofreely generated maps" (in fVQC). A cofree map of dgcs is as follows: 

Definition 5.1.9 (Cofree Map). A map of dgc s / : B ^ C is a cofree map if as a map of graded 
coalgebras, it is isomorphic to a projection to [C]gc with cofree kernel, as expressed by the diagram: 



II? ^-^^ 

Lemma 5.1.10. Let f : B —y C be a cofree map. If C is a cofree dgc, then B is also cofree. 

Proof. Suppose C is cofree. Products commute with left adjoint functors, so AV x AW = A{V(BW). 
Therefore, if C = (AW, d) and / : C — > 2? is a cofree map, then 

[B]gc = [C]Gc®Ay ^ AW(g>AW = A{V®W) 

So B is also cofree. 

[This also follows from the later result that cofree maps are precisely the fibrations in VQC and 
cofree DGC s are precisely the fibrant dgc s.] □ 

One useful way of constructing cofree maps in fVQC is given by the following lemma: 

Lemma 5.1.11. Let {AV, d), {AW, d') e JVQC^ and f : {AV, d) {AW, d') he a BGC-map such 
that [/]gc = A(/) where f -.V W is a surjection. Then f is a cofree map. 

Proof Sketch. This follows from the fact that surjections in g split, sof: V = U(BW^W (recall 
that A([/eW) = AJ/OAW). □ 

The actual class of maps which we are interested in are a little weaker than those of the previous 
lemma. 

Definition 5.1.12 (Cofreely Generated Map). Given / : (AV, d) {AW, d') a DGC-map. The 

map / is cofreely generated if [/]gc = A(/) where f -.V ^W \s any G-map. 

Write TVQCr for the subcategory of VQCr consisting of all cofree DGC s of the form (AV, d) and 
all cofreely generated maps between them. 



5.1.2 Adjoints between VQC and Vg 

Recall the functor [— ]dg : 'DGCr VQr which de-augments and then forgets the coproduct structure 
of a DGC. Our notation is [{C,, d, A, e)]DG = (C*,, d). This functor has a section the functor 
[— ]dgc^ ■ T^Qr VQCr which equips a DG with a trivial coproduct and then adds a disjoint 
augmentation ([V]dgc^ is given by [VIdgc^ = {V, = 0)+). Again, we are particularly interested 
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in the functors to and from DG given by composing the above with the inclusion and reduction 
frmctors. Abusing notation we write: 

[-]dg : vgcr vGr ^ vg 

[-]dgc. : vg ^ vgr vgcr 

There are obvious corresponding maps to and from VgCr- 

Oftentimes we write just [— ]dgc for the functor [— Jdgc,. with the understanding that the r is 
imphcit and determined by context. We are also interested in the forgetful functor [— ]gc from VgC 
to gC as well as the functor [— ]g = (— )• from VgC to g which de-augments a coalgebra and then 
forgets the differential and coproduct. 

Note that we have two adjoint pairs between T>gC and T>g given by: 

Lemma 5.1.13 (Adjoints). The following give adjoints between VgCr and T>g:^ 

[-]DGCr 

[-]dgc. : vgr ^ VgCr : (-)P'^ 

i-r 

, , [-Idg incl 

[-]dg : vgCr — ^ vgr -< — ^ vg ■. a- 

A— red,- 

where incl is the inclusion of categories functor. 

Furthermore these adjoints are sections in the following sense: 

• A— : vgr VgCr is a section of (— : VgCn Vg„. 

• [— ]dgc : vgr VgCr is a section of [— ]dg : VgCr Vgr- 

Again related to the rational Hurewicz Theorem is the more simple lemma: 

Lemma 5.1.14. If C & VgC is a dgc, then the do [C]dg is contractible if and only if C is 
contractible. 

f 

Moreover i/Ci, C2 € VgC are DGC s then a DGG-map Ci —> C2 induces a DG-quasi-isomorphism 
[Ci]dg — — * [C2]dg if and only if f itself is a quasi-isomorphism. 

Remeirk 5.1.15. As in the previous chapter, we may use the above sections to recover dgc s modulo 
some structinc. In particular, given C G VgCr, a composition of the left adjoints [[C]dg]j3qc 
recovers C modulo coproduct structure: 



C 



Similarly, given C = {AV, d) a cofree DGC, a composition of the right adjoints A(C)p'' recovers C up 
to higher order differential information: 



C 



{AV, d = do + dyo) = ([A(C)P%p, d = dA(c.)P, +d>o) 



^The truncation functor VQ TiQr may be used to extend the top adjoint to VQ «=2 VQCj,, but since truncation 
doesn't preserve weaJs equivalences, we do not wish to go that far. 
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where do = dy is the degree part of the differential of (AV, d); d>o = d — do is the part of the 
differential of {AV, d) which increases word- length by at least 1; and d\(^c)pr is the differential on 
the truly cofree DGC A(C)p'". 

5.1.3 Limits and Colimits 

The category VQC has supports four interesting operations - non-coaugmented and coaugmented 
sums (© and ©), products (®), and coaugmented products ((8)). The operations © and © are 
analogous to the disjoint union and wedge (V) of based spaces - ffi is the categorical coproduct 
in the category VQC just as ]J is the categorical coproduct in Top; similarly © is the categorical 
coproduct in VQC just as V is the categorical coproduct in Tbp^. The operations (8> and (8> are 
analogous to the cross product (x) and smash (A) of Top^. In fact, if we view the homology of the 
based spaces X and Y as dgc s, these four operations are defined specifically so that the following 
hold: 

• H,{XUY; Q) ^ H^X; q)®H,{Y; Q) 

• H,{XVY; Q)^H,{X; Q)®H,{Y; Q) 

• H^X X F; Q) = H^X; Q) ® H^Y; Q) 

• H,{XAY; Q)^H,{X; Q)^H,{Y; Q) 

We neglect below to mention the precise category where products, coproducts, limits, and colimits 
are being taken with the imderstanding that if the objects or diagrams are all in VQCr (or VQCr) 
then so are the products, coproducts, limits, and colimits. We implicitly assume that r > 1 (though 
the definitions of coproducts and colimits below are still correct for r < 1). 

Lemma 5.1.16 (Non-coaugmented Sums). Given non-coaugmented T>GC s C — (C,, dc^ Ap) 

and D = (D,, do, ^d), their categorical coproduct in VQC is given by taking © of the underlying 
DG s, and equipping it with a coproduct map: 

C(BD:= {{C„ dc) © {D„ do), A®) 

where A^ = Ac © A^. 

This generalizes to give small coproducts of non-coaugmented dgc s. 

Lemma 5.1.17 ((Coaugmented) Sums). Given 1-reduced dgcs C = (C,, dc, A^, sc) and 

D = (£>,, djj, A£), Ed), their categorical coproduct in VQC is C ®D given by 

C®D = {C®D)+ 
This generalizes to give small coproducts. 

The relationship between non-coaugmented sums and coaugmented sums is precisely the rela- 
tionship between the disjoint union of two based topological spaces and the wedge of the two based 
topological spaces. 
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Lemma 5.1.18 (Products). Given two dgcs C = (C,, dc, Ac, ec) and D = {D,, djj, A^, ejj), 
their categorical product is given by taking (g) of the underlying dg s and equipping it with a coproduct 
map: 

C®D := ((C, dc) ® {D„ do), A^, = ec (8) ed) 

where A(g, is given by 

A|g,(u (g) a) = i ^(wi ® ttj) (8) {wt (8) bj) + {vi ® bj) (g) {wi (g Uj) 

for V G C, a G D with Ac{v) = <8) Wi and Aoia) = J^j bj. 
This generalizes to give finite products. 

Note that this descends to a natural definition of for non-coaugmented DGC s. However, in 
the category VQC it does not define a categorical product, since the projection maps Ci ® C2 ^ Ci 
require the counits in order to be defined. 

Definition 5.1.19 (Coaugmented Products). Given 1-rcduced DGCs C and D define their 
coaugmented product to be (g where C (g) D is the DGC defined by C (g) £) := (C* (g) D)+. 

Remark 5.1.20. The coaugmented product is NOT the product in the category VQC of (coaug- 
mented) DGC s. This is just as smash is not the product on the category of based topological spaces. 

Corollary 5.1.21 (Sums on fVQC). The coproduct of cofree dgc s has AV 8 AW A{V W). 

Corollary 5.1.22 (Products on fVgC). The product of cofree DGCs has AV ® AW = A{V®W). 

Finally, note that the category VQC has pushouts and pullbacks given by: 

Lemma 5.1.23 (Pullbacks and Pushouts). The pullback of the HGC-diagram Ci B C2 
is given by: 

Ci (g>B C2 := {Ci (g) C2 e Ci (g> C2 I /l(ci) + /2(C2) = 0} 

The pushout of the DGC-diagram Ci < — B — > C2 is given by: 

Ci®bC2 := (Ci©C2)/(/i(&) + /2(&)) 
= (Ci®C2)/(/i(6) + /2(6)) 

General finite limits and small colimits are defined analogously using products, coproducts, equal- 
izers (kernels) and coequalizers (cokernels) as in Theorem 2.1.2. 

Corollary 5.1.24. Let f be a map f : B ^ C . The fiber of f is ker(/); the cofiber of f is coker(/). 

In fact, a slight modification of an argument by Getzler and Goerss proves: 
Theorem 5.1.25 ([GG99, 1.8]). The category VQC has small limits. 
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Sketch of Proof. In [GG99] Getzler and Goerss construct small limits in the category of counital, 
coassociative, non-cocommutative differential graded coalgebras. Merely adding "cocommutative" 
and "commutative" throughout their construction transports it to our case. The argument goes 
roughly as follows: 

First, show that every homogeneous element of a DGC is contained in a finite dimensional sub- 
DGC. This implies that every DGC is a filtered colimit of its finite dimensional sub-DGCs. Thus 
DGCs are equivalent to ind-finite-BGC s. Dualizing an ind-finite-BGC gives a pro-finite-BGA. The 
continuous dual of a pro-finite-BGA recovers the original dgc, since all of our dualization is of finite 
objects. 

To compute the limit of a diagram of DGC s we may therefore dualize the diagram to one of 
pro- finite-DG As, take the colimit of that diagram, and then dualize the answer back to VQC. The 
colimit of a diagram of pro- finite-DG As is given by a completion of the colimit of the diagram in the 
category of DGAs. □ 

All of the above operations (®, ® , ®, ® ) clearly descend to the category QCr of graded (cocom- 
mutative, counital) coalgebras where the same operations again give products, coproducts, limits, 
and colimits. Furthermore note that if V, W £ Qr are graded vector spaces, then KV (B AW maps 
to K{V ® W) by an inclusion of a sub-GC: KV ® KW ^ K{y ® W). Later on, we will wish to define 
differentials on the GC KV ®KW by defining them first on KiV ® W) and then restricting them to 
KV®KW. 

Remeirk 5.1.26. We can also recover the formula for the categorical coproduct and more generally 
all colimits in VQCr using the adjoint functors from the previous section along with the comments 
in Remark 5.1.15. Since the functors [— ]dg and [— ]dgc are both left adjoints, they commute with 
colimits. In particular, if D : X — > VQCr is a diagram in VQCr then we have 

[[colimx,gc2)]DG]DGc = [colimpg [D]dg] dqC 

According to Remark 5.1.15, this means that in order to compute a colimit in VQC, we may 
instead compute the corresponding colimit in VQ and then figure out the correct coproduct structure 
on the result. We leave it to the interested reader that in general, there is only one coproduct 
structure possible so that there are natural maps D — > colimijg^ D which descend to the existing 
natural maps [D]dg — colimx)g[D]DG = [colim^gc !D]dg- This is what is meant when people say 
that "colimits in VQC are created in VQ." 

Similarly, since the functors (— and A(— ) are both right adjoints, they commute with limits. 
For D' : J J^VQCr a diagram in ^VQCr we have 

A(lim^^5^D')P'' = A(limpa(D')P'-) 

[It is an easy exercise that lim^pg,^ D' = limugc 23'.] Now 5.1.15 suggests that limits in TVQC may 
also be created in VQ. This is in fact the case. Again we leave it to the interested reader that 
there is a unique differential which recovers the higher order differential information on lim^^p^j^D' 
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so that there are natural maps lim^^g^D' — > D' which descend to the existing natural maps 
5.1.4 Cones, Suspensions, Paths, and Loops 

Definition 5.1.27 (Cones). If C is a r-reduced DGC, then its cone is the (r + l)-reduced DGC cC 
defined by cC :— (c Cg) (7)+, where c is the non-coaugmcnted DGC on c, = Qvq © Qvi, \vi\ = i with 
d{vi) = vo and A{vo) = I'd ® vq, A(i>i) = vq vi + vi ^ vq- 

Note that this is just the cone on [C]dc; equipped with a coproduct which is compatible with 
the differential of c[C]dg- Recall that this means (cC), = C, ® sC,. Again, just like cone on a 
topological space X, the cone on a C is a contractible DGC (i.e. quasi-isomorphic to 0) which comes 
equipped with an injection C —> cC. 

Definition 5.1.28 (Suspensions). If C is a DGC, then its suspension is the DGC SC defined 
by SC (s ® C)+ where s is the non-coaugmented DGC with trivial differential and bracket on 
s,=Qs, \s\ = 1. 

Remark 5.1.29. EC is equal to EC = [s[C]dg]d(jc- 

Again, we can define a slightly larger model for EC by introducing a coproduct structure on 
^[C]dg- Define EC := {S (g) C)+ where S is the non-coaugmented dgc S = {S,, ds, As) with: 

• S, = {Qvo e Qvi e Qwi) (for \vo\ = 0, and \vi\ = 1 = \wi\) 

• dsivo) = 0, ds{wi) = -Vo, ds{vi) = vq 

• As(tio) = uo <S) Vo, As{vi) = i(ui ^vo + vo^ vi), As{wi) = ^{wi ^vq + vo^ wi). 
More explicitly, EC is given by 

E(C, dc, Ac) = (sC. ® C. © sC., d^, A^)+ 
where, for sci + C2 + scs e sC, ® C, © sC,, 

• df, is defined by d^{sci + C2 + scs) = —sdcci + {dcC2 + ci + C3) — sdccs and 

• Aj, is defined by 

• Aj,(c2) = Ac(C2) 

• Ag(sci) = 5 Ei ^bi + (-l)l«*lai h, where Ac(ci) = J2iai^ h, 

• A-^{scs) is defined similar to A^{sci) 

There is an injection C — > EC which plays the role of the map of spaces X — > EX sending X to 
the equator. Also, either of the two projection maps to sC, induce quasi-isomorphisms EC ^ EC. 

Remark 5.1.30. The dgcs EC and EC are both pushouts: 
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• EC is the pushout of Odgc <— C — > cC 

• EC is the pushout of cC <— C — > cC 

Given a cofree 2-reduced dgc AV = {AV, d) we write As~^V for the truly cofree dgc given by 
As~^V = As~^{V, dv) (recall that dy is the restriction of d to the cogenerating g). This dgc plays 
the dual role to that which L^y played for dgl s in defining paths and loops. 

Definition 5.1.31 (Unreduced Paths of AV). Given AV = {AV, d) a cofree r-reduced dgc 
where r > 2 define the unreduced paths of AV to be pAV the (r — l)-reduced cofree dgc given by 
taking the coproduct AV ® As~^V and modiiying the differential: 

pAy := {[AV®As-^V]gg, dc = d^+A{d')) 

where d^ is the differential on AV © As~^V and A(d') is the differential on [AV ® As~^V]gg given by 
the restriction of the differential on A{V ® s~^V) cofreely generated by the differential d'{v) = s~^v 
on (y ©s-iy). 

Note that by Corollary 5.1.21, pAy is merely A(y ® s~^V) with a modified differential. By the 
Rational Hurewicz Theorem, pAV is contractiblc. Also there is a DGC-map pAy —>■ AV. Further- 
more, the map pAy — > Ay is a cofree map of cofree dgc s. 

Definition 5.1.32 (Unreduced Loops on Ay). Given Ay = (Ay, d) a cofree r-rcduccd DGC with 
r > 2 define the unreduced loops on AV to be the truly cofree (r — l)-reduced dgc QAV := As~^y 
defined ear Her. 

Definition 5.1.33 (Paths and Loops of Ay). Define the paths and loops of the cofree DGC 

Ay = (Ay, d) to be pAy := redr(pAy) and nAV := redr(r2Ay). 

Note that since the reduction functor preserves weak equivalences, pAy is still a contractiblc 
DGC. Furthermore the map pAy AV is still a cofree map of cofree DGC s. 

At times wc desire a slightly larger model. Dual to the construction we made in VQC we define 
OAy by taking the coproduct As~^y ©Ay ® As~^y and modifying the differential: 

f^Ay := red^([As'V©Ay©As-iy]GC, d^ = d^^ + Md')) 

where A(rf') is the differential on [As" V © Ay © As~^y]GC ^ A{s^'^V © y © s^V) given by 
the restriction of the differential on A(s~^y © y © s~^V) cofreely generated by d'{Q,vi,0) = 

{s~'^vi,Q, s~'^vi) on (s~iy © y © s~iy). 

More generally, if C is any cofree DGC, then we may define the unreduced loops and loops on C 
to be the truly cofree dgcs ClC := As-1(C)p^ and QC := A(redrS-i(C)P"). 

Lemma 5.1.34 (Loops). A right adjoint of the functor S : VQCn 'DQCn+i is given by the 
functor 

n-.c^ As-i(C)p' 

A right adjoint of the functor E : VQCn — * VQCn is given by the functor 

fl : C ^ A{vedrS-\C)P') 
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5.2 Model Category Structure 

Quasi-isomorphisms in VQC are DGC-maps which are quasi-isomorphisms on the level of underlying 
DG s. The standard model category structure on T>QC (see [Q69] or [GG] for a more general version 
than we need) is to take quasi-isomorphisms to be weak equivalences, degree-wise injections to be 
cofibrations, and allow fibrations to determined by right lifting with respect to acyclic cofibrations. 
Under this model category structure, all objects are cofibrant. 

Theorem 5.2.1. This gives a model catgegory structure on T>QCr {r > 2)}^ 

Proof sketch. This is just as the proof of the corresponding theorem for the category VQC, the proof 
of this follows from Quillen's proof of [Q69, II. 5. 2] as well as the results of the previous section. □ 

Proposition 5.2.2. Fibrations in VQC are the cofree maps. 

Corollary 5.2.3. The fibrant objects in VQC are precisely the cofree objects fVQC. 

The identity functor serves as a functorial fibrant cofibrant approximation. VQC also has a 

functorial cofibrant fibrant approximation (given by C£) which is described in Chapter 6 and in 
particular by Corollary 6.1.7. The following lemma immediately follows from the definitions of 6 
and £j which is given in 6.1.1 and 6.1.2: 

Lemma 5.2.4. The fibrant replacement functor in VQCr is a functor QL : T)QCr — > TDQCr- 

That is, fibrant replacement takes DGC s to cofree DGC s of the form (A^, d) and DGC-maps to 
cofreely generated m,aps of the form A(/) : (AV, d) — > (AVF, d'). 

Under this model category structure, adjoints which we gave in Lemmas 5.1.4 and 5.1.13 become 
Quillen adjoint pairs: 

Lemma 5.2.5. The adjoint pair given in Lemma 5.1.4 

[-]dgc, : VgCr VgCt : red, 

(t < r) is a Quillen adjoint pair. Also both of the adjoint pairs from Lemma 5. LIS 

[-]DGG-'Dgr^VgCr : 

[-hG-'DgCr -< ^ Pg : A(-) 

are Quillen adjoint pairs. 

Proof. The left adjoints [— JdcCj! [~]dgc5 and [— ]dg each preserve all cofibrations, since cofibrations 

are degree-wise injections in each of T>g, Vg^ and VgCr. Also, the left adjoints each preserve all 

weak equivalences because quasi-isomorphism in T>gCr is defined on the level of dg s. Since the left 

adjoints in the above pairs each preserve all cofibrations and trivial cofibrations, the right adjoints 

must also preserve all fibrations and trivial fibrations and the pairs are Quillen adjoints as claimed □ 

^"it is possible to extend this model category structure to one on VQCi and even VQC^. for r < 0; however we do 
not need this, so we stick with the easily defined and proven case. 
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Note that the top adjoint from Lemma 5.1.13 does not extend as a Quillen adjoint all the way 
to VQ. This is because the adjoint pair trunc,. : T>Q <^ T>Qr : incl is not a Quillen adjoint pair. 
Lemma 2.3.4 now provides us with the following corollary: 

Corollary 5.2.6. The left adjoint functors [-]DGCt : WCt, [-]dgc : ^ "DQCr, and 

[—]uG '■ T^QCr — > T^Q above preserve all weak equivalences and therefore all homotopy colimits. 

The right adjoints (— : fVQCr T>Qr and A(— ) : VQ fVQCr induced by the above preserve 
all weak equivalences and therefore all homotopy limits. 

Proof. It remains to show only that the right adjoints preserve all weak equivalences. This is trivially 
true for red^. For A(— ) and {—Y^ this follows from the rational Hurewicz Theorem (5.1.8). □ 

As in the previous chapter, we use these adjoints to construct models for homotopy limits and 
colimits in VQCr- 

5.2.1 Homotopy Limits and Colimits 

By [DHKS] all homotopy limits and colimits exist (sec 2.3.3). We use 5.1.15 and 5.2.6 in order to 
construct nice models for homotopy colimits and limits in VQCr, dual to the way in which we created 
homotopy limits and colimits in VQCr. Essentially the construction is as follows: If 2) : Z — s- DQCr 
is a diagram in VQCr then up to coproduct, the homotopy colimit of D in VQCr is given by 

[[hocolimi.gcI']DG]DQc = [hocolimx>g[D]DG]DQc 
Similarly up to higher order differential information, the homotopy limit of D is given by 

K{\io\\iii-DgcTif' = A(holimpg(2))P'') 

To construct models for homotopy colimits or limits in VQCr we insert our models for homotopy 
colimits and limits in VQr (given in Section 3.3) into the above and then supply the missing coproduct 

or higher order differential information. 

More precisely, we rely on a characterization of homotopy colimit and limit functors on VQC as 
in the previous chapter: 

Theorem 5.2.7 (Creation of Homotopy Limits and Colimits). Let hocolimi>g and holimug 

be any homotopy colimit and limit functors on VQ . 

1. Suppose F : iVQCrY' — > VQCr is a functor from I-diagrams in VQCr to VQCr such that for 
all 1-diagrams D : X — > VQCr, we have 

• [F(li)]pQ =hocolimi,0[D] DG- 

• F is equipped with natural maps ep ■ F{D) — > colim^igc 

• [cfJdg is the canonical map hocolimDc;[!D]DG — >^ colimDg[!D]DG- 
Then F is an X -homotopy colimit functor on VQCr. 
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2. Dually, suppose G : {VQCr)'^ — > fVQCr is a homotopy functor such that for all I-diagrams 
D : X — > VQCr, we have 

• = holi^lpg(D)P^ 

• G is equipped with natural maps ec ■ lim-pgc D — > G{D). 

• (ec)^'^ is the canonical map limDg{'D)P'^ — > holimx)g(I')P''. 

Then G is an I -homotopy limit functor on T>QCr- 

Proof Sketch. The proof of Theorem 4.2.7 from the previous chapter translates directly to this 
setting. Our strategy is to make natural zig-zags of weak equivalences (dual to those of 4.2.7): 

F{D) ^ F(Dvc) ^ colimpgci'vc = hocolimi.gcl' 
^ G(D„f) ^ Iimc5c23vf = holim^jgcf 

Where hocolimDgc and holimxigc are the homotopy colimit and limit functors constructed by 
[DHKS]. 

The first arrows in each of the above zig-zags are weak equivalences because they are induced by 
the virtually-cofibrant and virtually- fibrant replacement maps Dvc — ^ 23 and D Dyf . The second 
arrows of the above zig-zags arc ep : f (Bye) — > colimDgc 'Dvc and cq '■ limi5g;c ©vf — > G('Dvf). The 
map [ei?]DG is a weak equivalence because colimDc;[Dvc]DG is a homotopy colimit fmictor; thus ep 
is a weak equivalence by 5.1.14. The map {cg)^'' is a weak equivalence because limx)g[Dvf]DG is 
a homotopy limit functor. Since both G{D^f) and lim^g^ D^f are cofree, the rational Hurewicz 
Theorem (5.1.8) forces ec to be a weak equivalence as well. □ 

Homotopy Colimits in DQCr 

Lemma 5.2.8. IfV is the HGC- diagram B\ C — ^ then its homotopy pushout is given by 
the two-sided mapping cylinder Ct> defined by 

Cv ■■= {{Bi ®sC® B2),, dc, Ac) 

where de{b\ + sc + b2) = (dsi&i +/i(c)) - sdcc+ {ds^b^ + /2(c)) and Ac{bi) = AB^ibi) and 

^c{sc) = IY1 (^"^- ® + (-l)'"^'/i(a,) ® s/3j) 

j 

+ 1^2 K- ® /2(/3,) + (-l)l«^l/2(a,) ® s/3j) 
3 

for bi e Bi, cG C, and Ac(c) = J^j ® l^j- 

Note that C-p is merely the homotopy pushout of T> as a DG-diagram (C[i5]^(,) equipped with a 
certain coproduct. Thus by 5.2.7 to show that it is the homotopy pushout in the category T>QC, all 
that remains is to show that Cv is indeed a DGC and that it maps correctly to the colimit i?i (Be -62- 
However, the composition Cx> ^ i?i © i?2 — > -Bi ©c -B2 clearly gives the desired natural map. 



1.5 Differential Graded Coalgebras 



75 



Proof that this is a dgc. Prom Lemma 3.2.1 we know that dcodc = 0. It remains to show that the 
coproduct is cocommutativc and compatible with the differential. By definition, Ac is cocommuta- 
tive and compatible with dc on Bi and B2. Note that for c gCx>, 

Ac(c) e ((sC (g) Bi) e [Bi (g) Bi) e [Bi (g) sC)) e {{sC (g) B2) e (-B2 (g B2) e (-B2 <g) sC)) 

To simplify our computations we write Ac(c) as A^^(c) + A^^(c) where A^^(c) e (sC €5 -Bi) © 
(Bi ig) sC) © (Bi ig) Si) and Af^(c) e (sC ® B2) © (-B2 (g) sC) © (B2 O -B2). To show that Ac is 
cocommutative on sC, we show that the A^* are cocommutative on sC: 
Let c e (7 with A^c = J^j otj ® l^j- Then 

j 

j 

Also, Ac is cocommutative, so Acc = TAcc = ig) aj. Thus 

^c'(^c) = ^ E [(-i)l".MAIs/3,. ® fi{aj) + (-l)IAI(-l)l".M/3.l/,(/3^.) ® saj 
3 

Therefore the A^' are cocommutative as claimed. 

In order to show compatibility of the differential with the coproduct we display compatibility 
with A^*: Let c e 5 with Acc = Y,- aj (g) Then Acdcc = J2j dcotj O /3j + (-1)!"^ la^ (g) rfc/Jj 
and so 

Af *dc(sc) = A^' (/i(c) + /2(c) - .srfcc) 

+ fi{aj) ® sdcf3j - (-l)l"^l/.(rfca,) ® spj 

d(^Af{sc) = i E ® + '/^(aj) sPj 

j 

+ (-l)l"^ldBji(ai) <g s/?,- + fi{aj) - /i(a,-) (g srfc/?,' 

= E /'("^•) ® - ^ E H^^aj ® fi(f^^) + (-l)l"^lsa,- ® /i(rfc/3i) 

j j 

+ fiiaj) sdcPj - {-l)^"^\fi{dcaj) ® 

□ 

Corollary 5.2.9. SC is the homotopy pushout in VQCr of the diagram Odgc <— C — > Odgc- 
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Corollary 5.2.10. If f : C B is a T>GC-map then its homotopy cofiber may be modelled by the 
mapping cone: 

hocof(/) = {{sC®B)., df, Af, sb) 
where df is defined by df{b) = dsib), and df{sc) = f{c) — sdc{c); and Af is defined by 

^/M = i ^ {sa, ® /(/?,) + (-l)l"^l/(a,) ® sP,) 
j 

and Af{b) = Ab(6) forcGC with Ac(c) = J2j otj ® Pj and bG B. 

Those constructions generalize in the obvious manner to define higher dimensional homotopy 
pushouts or indeed any homotopy colimit in VQCr- However, for our purposes all that we explicitly 
require a model for is the above homotopy pushout. 

Homotopy Limits in T>QCr 

Dual to our construction of homotopy colimits in VQCr, in order to build models for homotopy limits 
in VQCr, we first construct homotopy limits (in VQCr) of diagrams in TVQCr and then use these to 
build homotopy limits of general diagrams. We call diagrams in the image of {J^VQCrY' ^ iPQCr)''' 
cofreely generated diagrams. By Lemma 5.2.4 the fibrant replacement functor (C£) on VQCr takes 
all diagrams to cofreely generated diagrams. The homotopy limit of a cofreely generated diagram is 
given by the DGC cofreely generated by the homotopy limit (in VQr) of the underlying diagram in 
VQr, with some extra higher order differential structure. 

Writing holim^^gj, : (J^VQCr)'^ — > fVQC for our functor giving homotopy colimits of cofreely 
generated diagrams in VQCr, an I-homotopy limit functor in VQCr is given by the composition 

holimx>ac(-) •= holim^^gj,(e£(-)) 

This is our model for general homotopy limits in VQCr', however, in practice almost all of the 
diagrams which we are concerned with are already be cofreely generated. In these cases, we use the 
simpler model holim^j,^^ for their homotopy limit - note that for cofreely generated diagrams D 
there is a natural weak equivalence 

holim^^g^D holim^jyg^GLCD) = holimugcD 

induced by the natural weak equivalence D QLT). 

Prom the definition of !FVQC it follows that an X-diagram D : X — > VQCr is cofreely generated 
if and only if, as a diagram of graded coalgebras, it is given by the cofree extension of a diagram of 
graded vector spaces: 

[D]qc = A(I)) where •b-.I^Qr 
The most basic and important diagrams which we consider are thus cofreely generated: 

Example 5.2.11. Let (AF, d) be a cofree dgc. The following diagrams are both cofreely generated. 
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1. Odgc (AV, d) ^ Odgc 

2. {AV, d) ^ {AV, d) ^ Odgc 

We define homotopy limits of eofreely generated diagrams so that the homotopy hmit of (1) is 
^1{AV, d) and the homotopy limit of (2) is ]){AV d) as defined in 5.1.33. 
We begin with simple diagrams: 

Suppose D is the eofreely generated pushout diagram {AU, d') (AV, d") (AW, d'") 

in VgCr so that T) is the diagram U ^V mg^. Note that {Vy is the diagram in Vg^ 

given by {U, d'^) ^ {V, d'^) ^ {W, <) and [{W]g = ^- 

Let be the cofree path dgc given by: 

:=redr{AU®As-'^V®AW, dy = d^ + A{dfg)) 

where 

• d^ is the differential on {AU, d')®As-^{V, d'{,) (AW, d'"). 

• A{dfg) is the differential on the GC AU ® As~''-V ® AW ^ A{U s~^F © W) given by the 
restriction of the differential on A{U ® s~^V ® W) eofreely generated by the differential on 
{U e s~^y e W) given by dfg{u + s~^w + w) = (/(u) + S'(w)) iovuGU,v€V,wGW. 

Since the functor A(— ) gives a section of (— )p'', we get that 

{V^r = red,([(f/, d'u) © s-\V, d'^) ® (W, d!^)]^, d = d^+ dfg) = holim2,5^(2))P'- 

Furthermore we have a natural map lim D Td given by the composition 

limpgcD — ^ (AC/, d') § (AW, d'") — ^ 

which descends to the standard natural maps between lim and holim on Vg^.: 

lum,g^{^r {U, d'u) © (W, d'^) C0\imT,gXW 

as described in 3.2.4. Also CP(_) is a homotopy functor on diagrams in J^VgC because i : Di D2 
a weak equivalence implies holiniDg , (')'"^ = {'^{i))'^^ a weak equivalence and so CP(j) is a weak 
equivalence by the rational Hurewicz theorem. 
By Theorem 5.2.7 we therefore have 

Lemma 5.2.12. The composition J'e£,(-) homotopy limit functor on VQC, . 

In particular, ifD is a eofreely generated diagram in VgCr then the dgc ~ "^ecT) is a model 
for the homotopy limit (in VgCr) ofD. 



Corollary 5.2.13. The following functors (defined earlier) are models for hoomtopy limits 
• n{AV, d) = holimpacfoDGC ^ {AV, d) Odgc) • 
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• p(Ay, d) = holim2,5c((AV, d) i (AV, d) ^ Odgc)- 
Remark 5.2.14. could also be written as 

= ([Ared,((C/, d'u) © s-\V, d'^) © {W, d'{;;,))]^^, dy = dK + d>o) 

where 

• dA is the differential on the truly cofree DGC Ared^((C/, d'jj) © s~^(y, d^) © (W, d'^)). 

• d>o is the degree -1 map on A{U © s~^y e W^) = Af/ffi As~^F® AW generated by d' - d'jj 
on A[7 and rf'" - d'^ on AW^. 

More generally, given D : X ^ TT>QCr a cofreely generated diagram, we could define the homo- 
topy limit of 2) along the lines of 

ho^j^^g^D -.^ ([A(holimpe^(D)P')]p^^, d = c^a + d>o) 

where d^ is the differential on the truly cofrcc DGC A(holimx)g;^(D)P'^) and (i>o is the degree — 1 
map adding back in all of the higher order differential information (as in the remark above) so that 
there is a natural map limugc f h.(A\m^^g^D (recall that holimue^ of a diagram is a large direct 
sum (with modified differential) of the DCs in the diagram and their iterated desuspensions). We 
will not be more specific here because we will not need explicit models for the homotopy limits of 
complicated diagrams. The only remaining fact which we need is: 

Theorem 5.2.15. In VQCr, sequential homotopy colimits commute with homotopy pullbacks. 

Proof Sketch. It is enough to show this for cofreely generated diagrams T) : I x J ^ TVQC, since 
fibrant replacement gives a weak equivalence D CiL(I') natural in V and CiL(D) is cofreely 

generated. 

For cofreely generated diagrams, however, this may be proven by a large computation just as 
the corresponding theorem for VQj. (3.3.7). The critical fact is that infinite © 's of cofree dgcs 
commute with finite (8i. 

Kuhn also comments in [Kuhn p6] that this may be shown using fact that the sequential small 
object argument applies in VQC. 

□ 



Chapter 6 

Rational Homotopy Theory 



6 . 1 Framework 

We give a brief summary of the objects and structures of rational homotopy theory which we use. 
For a more detailed discussion see [FHT], [GM], or [Q69]. 

In [Q69] Quillcn constructed a chain of equivalences from simply connected topological spaces 
{T0P2), to 2-reduced simplicial sets {sSet2), to 1-reduced simplicial groups (sQrpi), to 1-rcduced 
simplicial complete Hopf algebras (over Q) (sCHAi), to 1-reduced simplicial Lie algebras (over Q) 
(sjCiei), to 1-reduced dgls (VQCi), to 2-reduced DGCs {VQC2):^ 

T0P2 sSet2 5=i sQrpi sCHAi -7-^ sCzei VQCi ±=:^ VgC2 (6.1) 

Sing2 W q f; N e 

where | • | denotes the geometric realization of a simplicial set, Sing2 denotes the singular complex of a 
1-connected space with trivial 1-skeleton; fl denotes Kan loop-group functor, W is Kan's classifying 
simplicial set functor; G is the grouplike elements of a sCHA, Q is the completion of the group ring 

over Q at the powers of its augmentation ideal; V is the primitive elements of a Hopf algebra, U is the 
completion of the universal enveloping algebra of a Lie algebra at powers of its augmentation ideal; 
K is (Dold-Kan's) inverse to the normalization map N taking a simplicial object to a differential 
graded object; and C and L are the maps defined below. 

Given a space, we write €{X) for "the DGC corresponding to X" and £,{X) for "the dgl corre- 
sponding to X". By this we mean the compositions of the functors T0P2 to VQCi and 'DQC2 given 
in (6.1). 

The following definitions and lemmas are (with slight modification) taken from [FHT] : 



-'^In order to write this chain - and for only this equation - wc break from our standard convention and adopt 
Quillen's convention of writing left adjoints above right adjoints - i.e. "C : VQCi ^=> 'DQC2 ■ means C is right 
adjoint to JC (even though it is written on the left) . 
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Definition 6.1.1 ([FHT, §22.b]). The functor 6 : VgCr-i VgCr is given by the Cartan- 
Eilenberg-ChevaUey construction 

6: {L,dL, > ([As[i]DG]Gc' C? = C^A + £?[-,-]) 

where c^a is the differential on As[L]dG) said c?[-,-j is a differential coming from the Lie bracket of 
L.^ More specifically: 

dA{sxi A • • • A sXk) = — ^(— l)"*sa;i A • • • A sdLXi A • • • A sXk 

i 

{sxi A • • • A SXk) = ^^(~l)"'^^'^''s[a;i) A sxi A . . . saTj . . . 'sx] • • • A sXk 

(In the formulas above, rij = X^j<j the Koszul sign incurred by moving rfi, to the sxj term and 
past the s; and is the sign change incurred by moving sXi A sxj to the front of sxi A • • • A sa;fc.) 

Definition 6.1.2 ([FHT, §22.e]). The functor £ : VQCr VgCr-i is given by 
L : (C, dc, Ac, £c) I — > (^s-MC]dg]gl' = '^l + ^a) 

where dj, is the differential on Ls-i[(7]dg ^■'id c^a is a differential coming from the coproduct of 
(Recall that our convention is for the functor [— ]dg : "DQCr — > "DQ to de-augment and then 
forget coproduct structure.) More specifically dj, and d/\ are the free extensions of the following 
differentials: 

di,{s~^x) = —s~^dcx, where x G C 

dA(s"^£) = ^^(-l)'"*'[s~^a^,s-^/3i], where Acx = ^a^®/3i 

i i 

Note that £- maps to TVQC and 6 maps to J^VQC. 
Theorem 6.1.3 ([Q69, n.5.3, B.7.5]). The functors 

£, : vgCr ^ vgCr-i ■ e 

define a Quillen equivalence for r > 2. 

Furthermore, H and C also satisify the stronger property that they preserve all weak equivalences. 

This theorem has a number of immediate corollaries. 

Corollary 6.1.4. The functors C and L both detect and reflect weak equivalences of free and cofree 

objects respectively. 

i.e. f : K ^ L iff e(/) : e{K) ^ Q{L) and g : B ^ C iff L{g) : L{B) ^ L{C) where 
K,Le fVgCr-1 and B,C G fVQCr (r>2). 



does not change word-length; <i[___] decreases word-length by 1. 
^di^ does not change bracket-length; increases bracket-length by 1. 



1.6 Rational Homotopy Theory- 



Si 



Corollary 6.1.5. The left adjoint £ : VQCj. — > VQC^-i preserves all homotopy colimits. 
The right adjoint C : VQC^-i ^ "DQCr preserves all homotopy limits. 

Corollary 6.1.6. There are natural weak equivalences C ^ GUC and LGL ^ L for C G VQCr 
and L e T>QCj—i- 

Since £j and 6 map to cofree DGC s and free dgl s respectively, the above natural weak equiva- 
lences serve as fibrant and cofibrant replacement functors in VQCr and VQCr-i- Also note that £ 
(or e) of any DGC (or DGL)-map is a (co)freely generated map in TT>QC (or J^VQC). 

Corollary 6.1.7. CiL gives functorial fibrant replacements in VQCr- CjG gives functorial cofibrant 
replacements in VQCr-i. In fact they respectively give cofibrant-fibrant and fibrant- cofibrant replace- 
ments. 

On free DGL s and cofree DGC s the functors C and L have a simpler form (up to Lie bracket and 
coproduct information) : 

Lemma 6.1.8 ([FHT, 22.8]). There are natural weak equivalences ofoGs 

[e(Ly,d)]DG ^S(^, dv) 

mAV, d)]T,G ^ s-\V, dv) 

More generally if L is any free dgl and C is any cofree dgc then there are natural weak equiv- 
alences: 

Lemma 6.1.9 ([FHT 22.5]). Let f : L ^ K be a map of free DGL s. Then f is a quasi-isomorphism 
if and only if G{f) is a quasi-isomorphism - i.e. C both detects and reflects quasi-isomorphisms of 
free dgl s. 

Corollary 6.1.10. Let g : B ^ C be a map of cofree dgc s. Then g is a quasi-isomorphism if and 
only if L{g) is a quasi-isomorphism - i.e. £ both detects and reflects quasi-isomorphisms of cofree 
dgc s. 

Finally, note that the functors £ and C are essentially nothing more than the bar and cobar 
constructions: 

Lemma 6.1.11 ([FHT, 22.7]). Given a dgl L, there is a quasi-isomorphism o/dgcs 

QL ^ BUL 



(where BUL is the bar construction on the universal enveloping algebra of L). 
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Lemma 6.1.12 ([Q69, B.6.6]). Given a dgc C, LC is the dgl of primitive elements of the cobar 
construction'^ on C. 

Given a simply connected space X we may consider Z{X) the dgl corresponding to X under 
(6.1), and the dgc corresponding to X under (6.1). The central result of rational homotopy 

theory is that £{X) gives the rational homotopy of X (with Lie brackets corresponding to Whitehead 
products) and €{X) gives the rational homology: 

Theorem 6.1.13 ([Q69, Theorem I]). There are natural isomorphisms 7r*(0X)(g)Q = iI*(£(X)) 
(as graded Lie algebras) and i?*(X; Q) = H^(^€{X)) (as graded coalgebras). 

For this reason we sometimes say "homotopy of" L (a dgl) or C (a DGC) to mean H^(L) or 
Hf,{LC) respectively and "homology of" L or C to mean Hf\QL) or Hf{C) respectively. Along with 
Lemma 6.1.8, this is why Theorems 4.1.7 and 5.1.8 in the previous chapters were called "rational 
Hurewicz" theorems. 



6.2 Rational Spectra 

There is already a rich theory regarding the construction of spectra in general model categories (see 
for example [HoOl] and [S97]). Following these, we could construct rational spectra by considering 
the stabilization of the categories VQCr-i and VQCr. Definitions and constructions would follow 
analogous to the classical definitions and constructions of Spec as the stabilization of Top. To begin, 
recall the classical definition of a spectrum - a spectrum £^ is a sequence of spaces {£'j}i>o equipped 
with maps HEi Analogously we may make the definitions: 

Definition 6.2.1. A VQC-spectrum E \s a. sequence of dgls {Li]i>o equipped with maps 



Q.Li 



+1 



redr(s ^[ii+i]DG) 



dgl 

Definition 6.2.2. A VQC-spectrum E is a. sequence of dgcs {C,}j>o equipped with maps 

[s[Ci]DG] = SCi — » Ci+i 

Maps of T>Q C-spcctra and VQC-spectia would then be defined in a more complicated manner. 

By the work of Schwede and Shipley the stabilizations of good simplicially enriched model cat- 
egories which are Quillen equivalent are isomorphic. So there is an isomorphism between the cat- 
egories of "D^^-spectra and I>^C-spectra. In fact, examining the categories of I?^£-spectra and 
r>^C-spectra defined above, it soon becomes apparent that they are both isomorphic to the category 
VG- The proof of this, however, is a bit unpleasant, and it seems unnecessarily complicated to 
carefully introduce and work seriously with either of the categories of P^^-spectra or I>^C-spectra 
at all; when we would then immediately prove they are isomorphic to T>Q and subsequently ignore 
the more complicated categories. 

"^The cobar construction may be written as fl{C, dc, A^j) = (Ts'^C, do + di). Recall that Ly is defined as a 
sub-Lie algebra of TV. 
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Remark 6.2.3. In fact, Tom Goodwillie points out that there are functors between the categories 

of DQ and rational spectra which are inverses up to zig-zags of natural weak equivalences. By "the 
category of rational spectra" we mean the Bousficld localization of the category spectra with respect 
to the homology theory HQ = ; Q). More precisely there are functors 

Vg Lhq Spec and Lhq Spec VQ 

where C gives the stable singular chains of a rational spectrum, and K creates an Eilenberg-MacLane 
spectrum from the given DG. It is clear that the composition of these two in either order is weakly 
equivalent to the identity. 

Instead of working with categories of VgC-spectva and P^C-spectra which have complicated 
definitions, we merely fiat that the category of rational spectra is the category VQ. We then exhibit 
Quillen adjoint functors S°° and f2°° between the categories T>QjC and VQC and the category T>Q 
which preserve all weak equivalences and are compatible with 6 and This is enough for us to 
blindly do (using VQ) everything which we would like to do with 2?^£-spectra or D^C-spectra 
without any further troubles or worries about isomorphisms of stablilizations. 

Remark 6.2.4. We grade T>Q the consistently with VQC rather than VQC - this inserts a grading 
shift into the 0°° and S°° functors when going to/from VQC 

Definition 6.2.5. Define the functors S^^^, O^^^, S^g^' ^vgc ^ follows: 

. E-^^ : VgCr-i ^ VQr by S-g^(L) = s(L)-t> 

• n^g^ : Wr ^ WCr-l by n^gciV) = [s-hedrV]uGL 

• E^gc : VgCr ^ VQr by l^^gdC) = [C]uG 

• : VGr VgCr by ^^gciV) = Ared^y 

Note that these functors are given by compositions of Quillen adjoints, thus they are also Quillen 
adjoints. 

Lemma 6.2.6. The above functors are Quillen adjoint pairs as follows: 

^vgc '■ T^GCr <^ T>Qr : fipgc 

Furthermore they are compositions of functors preserving weak equivalences. 

Lemma 6.2.7. The right adjoint functors ^^gc ('-''^d ^'^gc preserve all weak equivalences and 
therefore hom,otopy pullbacks. 

The left adjoint functor S^^^ preserves all weak equivalences and therefore homotopy pushouts. 

The left adjoint functor T,^gj^ preserves weak equivalences of cofibrant (free) objects, and therefore 
homotopy pushouts of cofibrant objects. 
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We generally treat S^^^ as though it preserves all homotopy pushouts since it at least preserves 
homotopy pushouts after cofibrant replacement. 

Remark 6.2.8. The functors S^g^ : VgC„ ->■ VQ and Q^g^ : VQ ->■ VgCn-i and have the 
property that ^"^gc takes a dgc to a dg with the same homology and takes a do to a dgl 

with the same (higher) homology. This is analogous to the non-rational situation where S°° takes a 
space to a spectrum whose homotopy is the same as the (reduced) homology of the space and 0,°° 
takes a spectrum to a space whose (higher) homotopy is the same as the (higher) homotopy of the 
spectrum. 

Note that the stabilization of VQr is also given by VQ. The correct Quillen adjoint pair between 
VQr and VQ is 

Definition 6.2.9. Define Sg^^ and figc^ as follows 
. Sg}.^ : VGr - Vg by T,^G^y) = V 
• n^Q^ : vg Vgr by n^G^{V) = red^y 

We have already commented that this is a Quillen adjoint pair preserving all weak equivalences. 

Remeirk 6.2.10. Gathered below are the definitions of the functors S, f2, E°°, and f2°° in our 
various categories of interest: 

1. Onvgr-. 

(a) S : vgr vgr by y sV. 

(b) n : vgr vgr by y . f^V . 

(c) : vgr vg by inclusion of categories. 

(d) :Vg vgr by reduction V ^ V^. 

2. OnVgCr-i- 

(a) S : VgCr-i — ^ VgCr-i by i Ls(i)ab (the truly free DGL on the shifted abelienization) . 

(b) fl : VgCr-i VgCr-i by L i-^ ['^~^[-^]dg] ^j^^l ^^'^ with trivial Lie bracket). 

(c) : fVgCr-i -^Vghy siLf"" (abcUcnizing and shifting). 

(d) : vg — > VgCr-i hy V ^ [ s'^^ jpGL (reducing and giving trivial Lie bracket). 

3. OnVgCr-. 

(a) S : VgCr — *■ VgCr by C i-> [s[C]dg]i3gc ^^'^ trivial coproduct). 

(b) Q. : VgCr ->■ VgCr by C As-1(C)p'' (the truely cofree dgc on the shifted primitives). 

(c) S°° : VgCr vg by C >-> [C]dg (de-augmenting and forgetting coproduct). 

(d) Q°° -.vg ^ fVgCr hyV^AV (the truely cofree dgc on V). 
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Lemma 6.2.11. There are natural zig-zags of weak equivalences exhibiting the following: 



1. 




— ^'"ugc 


: vg 


vgCr-i 


2. 


pQOO 

^^'"DQC 


— ^'Dgc ■ 


: vg 


vgCr 


3. 




— ^-DQC ■ 


: vgCr- 


-i^vg 


4- 




— ^vgc 


: vgCr 


^vg 



where n"]^ and T,% denote the functors 0.°° -.Vg ^ M and : M ^ Vg . 

Proof Let V €Vg andC € VgCr- 

For (2) note that ^"^gc^ = [s~^^]dgl has trivial Lie bracket, so Cf^pg^T^ is the truly cofree 
DGC on V 

m^gc){V) - (As(s-i y ), dA) = A(red,(T/, dy)) = n^gcV 
Similarly for (4), since LC is a free DGC and cJa increases word- length by 1 we have that 

(S^g££)(C) = s{K-^c, rfL + rfA)''' = S{S-'C, d,-.c) = {C, dc) = ^^gcC 

(1) and (3) now follow using the adjointness of 6 and Recall that there is a natural weak 
equivalence £6 1. This induces natural weak equivalences 

^vgc^ — {^-Dgc^)^ *■ ^T>gc 

□ 

Corollary 6.2.12 (Rational Snaith Splitting). Rationally, ^^gc^^gc '■ T^G ~^ T^d is given by 

V [Ay]DG the underlying module of the graded- symmetric coalgebra on V with induced differential. 
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Rational Homotopy Calculus of 

Functors 
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We mimic Goodwillie's construction of homotopy calculus of functors in the categories Top and 
Spec ([GUI]), this time working in the categories VQC, VQC, and VQ (our omission to show VQ is 
equivalent to 2?t/>C-spcctra and PCJC-spectra adds a slight wrinkle, but not cause too much trouble). 
The fundamental objects in Goodwillie's calculus of functors are n-excisive homotopy functors. 
Recall that a functor is a homotopy functor if it takes weak equivalences to weak equivalences. Such 
a functor is n-excisive if it takes strongly homotopy cocartesian (n-|- l)-cubes to homotopy cartesian 
{n + l)-cubes. 

An n-cube in C is a diagram 

X : V{n) — > C 

where ■P(n) is the poset of subsets of n = {!,..., n} and inclusion maps viewed as a category. 
Recall that we write Voin) for the full subcategory of nonempty subsets of n and ■pi(n) for the full 
subcategory of proper subsets of n. An n-cube X is homotopy cartesian if the natural composition 

^"(0) > lim X(S) > holim X(S) 

SeVo(n) SeVo(n) 

is a weak equivalence. Dually, we say that an n-cube X is homotopy cocartesian if the natural 
composition 

hocolimA'(S') > colim X(S) > X(n) 

is a weak equivalence. A strongly hom,otopy cocartesian n-cube is one in which every 2-dimensional 
face is cocartesian (it is an easy exercise to show this implies the cube itself as well as every face of 
dimension greater than 1 is also cocartesian). 

Throughout this part, we often refer to "towers of functors" and "towers of fibrations". By a 
"tower" of objects, we merely mean an inverse system 

i 

\ 
I 

i 

I 

Xo 

A "tower of functors" is an inverse limit diagram of functors. A "tower of fibrations" is an inverse 
limit diagram where each map is a fibration. Similarly "tower of fibrations of functors" , "tower of 
graded Lie algebras", etc. all have the obvious meanings. 

Our towers come equipped with an object X which has maps X ^ Xi for all i > 0, and we are 
interested in comparing X with the (homotopy) limit of the tower. Good objects X are recovered 
(up to homotopy) by this (homotopy) limit. In order to analyse the (homotopy) limit of the tower, 
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we examine the (homotopy) fibers of the maps X„ — > X^-i- Much effort is put into understanding 
these (homotopy) fibers as well as possible. 



Chapter 7 



Construction 



Rational homotopy calculus of functors is an algebraic theory analogous to Goodwillie's homotopy 
calculus of functors as defined in [GUI] and described in [Kuhn]. Our objects of interest are rational 
homotopy functors between any of the categories VQ, VGr, "DQCr-i, T>QCr - i-c. functors between 
these categories which preserve rational homotopy equivalences (quasi-isomorphisms) . Following the 
outline of Kuhn, we divide our analysis into three main theorems which we call Theorems I-III. 

Let ^4 and Af be any of the model categories VQ, VQr, VQCr-i, or VQCr- Given a rational 
homotopy functor F : M ^ J\f, Theorem I associates to it a natural tower of fibrations with maps 
from F 

F^ »PnF^Pn-lF^ »PoF 

such that each P„F is n-excisive. Ideally the tower converges to F - that is the maps F PnF 
become more and more highly connected as n increases. However, we do note concern ourselves 
overly much with this detail in the current monograph. 

The next two main theorems are used to analyze the fibers DnF — > PnF -» Pn-iF in this 
tower. Essentially,^ they say that in order to understand the fibers DnF : ^ A/" it is enough to 
understand certain assiciated functors P„F : VQ — > VQ. In particular, there is a zig-zag of natural 
weak equivalences of functors displaying 

DnF f]^(D„F)S^ 

where ID)„F is an n-homogeneous functor VQ VQ. Furthermore, the functors D„F all have a 
particulary nice form: up to a zig-zag of natural weak equivalences they are given by 

where dnP is a DG with S„-action. Thus the fibers in tower of F are determined (up to weak 
equivalence) by {9„F} a symmetric sequence of dg s. It is natural to ask what extra structure is 
required to determine the entire tower of F and not just the fibers. This question is left for a sequel. 
^Actually, Theorems II and III are stronger that what is alluded to in this introduction. 
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As we noted in Chapter 1, the construction of rational homotopy calculus is largely formal, thus 
many proofs are left out or given only in sketch form. The few proofs which we need to give are 
for those results dealing specifically with the category of rational spectra. Since we did not define 
rational spectra as either the stabilization of VQL or VQC, Goodwilhe's methods do not extend to 
give proofs of these results. Fortunately, rational homotopy theory is so pleasant that we are able 
to give alternate proofs which are still extremely straightforward. We also make a slight detour in 
Section 7.2 to show that homotopy calculus is consistent with good Quillen equivalences in the sense 
that approximating towers are preserved by Quillen equivalences where the left and right adjoints 
preserve all weak equivalences. 

7.1 Excisive Approximations and Theorem I 

As in the introduction, let M and Af be any of the model categories VQ, VQr, VQ£r-i, or VQCr, 
and let : — > A/' be a rational homotopy functor from M. to M. The construction of a tower of 
excisive approximations to F follows along the lines of Goodwillie's work [GUI] and Kuhn's survey 
[Kuhn] . We give a brief outline of the construction along with some notes on our specific case. 

Excisive approximations are built by making for every X S a natural "test strongly cocartesian 
n-cube"^ Xn{X) : V{n) Ai and then examining the resulting n-cubcs F(Xn(X)). The cubes 
Xn{X) arc built in such a way that if all F(Xn{X)) are cartesian, then is (n — l)-excisivc. If 
F{Xn{X)) is not cartesian, then F{Xn) provides us with a new functor Tn-iF which is equipped 
with a natural map F Tn-iF and is (hopefully) slightly closer to being cartesian on the Xn{X). 
We now check T„_iF on our test cubes Xn{X) and the process iterates. Our (n — l)-excisive 
approximation to F is then given by the sequential homotopy colimit of the diagram 

P„_iF = hocolim(ii^ ^ Tn-iF T^_^F ^ • • • ) 

Showing that Pn-iF is indeed (n — l)-excisive consists essentially of noting that homtopy limits in 
Af commute with sequential homotopy colimits in Af. 

We define test cocartesian n-cubes following the method of Kuhn. The first step is to define the 
join of an object of A4 and a set: 

Definition 7.1.1 ([Kuhn, 4.6]). For X G A4 and T a finite set, define X *T - the join of X and 
T - to be the homotopy cofiber of the folding map 

X*T = hocof (]J X ^X) 

T 

f 

More generally, ioi X —>Y G A4 and T a finite set, define X *yT - the join of X and T over 
y - to be the homotopy colimit 

X*yT = hocolim(]J Y ^Y[X ^ X) 

T T 

^This terminology is meant to bring to mind "test cofibrations" or "test fibrations" which one may use when 
building a model category structures. 
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Example 7.1.2. For X either a dg or a dgc, 

• X*O = X*0 = X. 

• X*l = cX. 

• X*2 = tX. 

• In general, for T = {ti, . . . , f„} let 



[T]DG = {Qvo(BQti(B---Qt„,d{ti)^vo) where |wo|=0, \ti\ = 1 
[T]bgc = {[T]bg, A(vo) ^vo(S) vo, A{ti) = ^{vq ®t^ + ti® vq)) 



Example 7.1.3. For L a dgl, 

• L*Q = !iQL. 

• L*l = cUtL. 

Our test cocartesian cubes are formed by using joins with finite sets. For X & M. define 



Lemma 7.1.4. For every X & M. the n-cube is strongly cocartesian. 

Proof. This follows from the fact that homotopy colimits commute with themselves. 

Wc show that X2{X) is cocartesian proving that each 2-dimcnsional face of Xn{X) is cocartesian 
follows the same (but is notationally more ugly). The cube A2(X) is given by: 



hocolim(0 ^Ui!,X ^X) — ^ hocolim(0 ^ U{i} X ^ X) 



hocolim(0 ^ U{2} X ^ X) ^ hocolim(0 ^ lJ{i,2} X ^ X) 



Then V*T= [T]dg (8> V and C * T 



([T]dgc C)^ (for V eVg &ndC € VQCr). 



Xn{X) ■.P{n) ^ M by Xr^{X) : S ^ X * S 



i 



We are interested in the homotopy colimit 




hocolim 



hocolim(0 < — JJg X 



i 



hocolim(0 < — 1J{2} X 



I 
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However, this is equal to the homotopy colimit 



hocoHm 







t 


f 


i 


I 



which is equal to the homotopy colimit 



hocolim 



hocolim 



V 







hocolim 



vV 



t 

i 

V U{2} ^ ) 



/ x\ 



hocolim 



X 



This homotopy colimit maps by a weak equivalence to hocolim(0 ^ Y[{i 2} ^ ^) because the 
diagram itself maps by a weak equivalence to the diagram <— 2} ^ ~* 1^ 

More generally fov X G M define the n-cube ^ Y) to be 

Xn{X ^Y) -.Pin) M by Xn{X ^ Y) : S ^ X *y S 

Using the commutativity of homotopy colimits as in the proof of the previous lemma it follows that: 

Lemma 7.1.5. For every X Y G M the n-cube Xn{X Y) is strongly cocartesian. 

Consider the n-cubes given by evaluating F objectwise on the cubes Xn(X). If is (n — 1)- 
excisive, then by definition the n-cube F(^Xn{X)^ is cartesian - i.e. the natural map 



FiX)=F{Xr,{Xm) 



hohm 

seVow 



is a weak equivalence. Define the functor Tn-iF be the homotopy limit 

T„_iF(X) = holim F{Xn{X){S)) 

By definition if is (n — l)-excisive, then the map F{X) Tn-iF{X) is a quasi-isomorphism. 
If F is not [n — l)-excisive, then our goal is to use T„_i to attempt to make an (n — l)-excisive 
approximation for F. 



Write T^-iF for the iterated construction T„_i(r„_i(. . . Tn-iF)) and note that the natural map 
F — > Tn-iF gives maps T^^-^F —>■ T^t.\F. Let Pn-iF be the sequential homotopy colimit 



Pn-iF = hocolim r;_iF 
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Since F = T!^_iF the functor P„_iF comes equipped with a map F ^"~^"^) P^-iF. Furthermore, 
there are clear maps T„F — > Tn-iF induced by the inclusion of categories Vo{r) — * Po( n + 1 ). As 
discussed in [GUI p664] this formally extends to give a commutative diagram 



-iF 



■TnF- 



Tn-lF- 



■T^F 



-iTn-iF ^2 *" 



and thus defines a natural map between the homotopy colimits QnF : P„F Pn-iF. Since the qn,iF 
are the natural maps from the homotopy limit of a diagram to the homotopy limit of a restriction of 
the diagram, they are objectwise fibrations. By inspection, sequential homotopy colimits of fibrations 
arc again fibrations in VQC, and DQC. 



Theorem I ([GUI, 1.13]). A homotopy functor F : M 
PnF : M. —¥ M with maps from F: 



N determines a tower of functors 




DnF 



\F 



DiF 



DoF 



where the functors PnF are n-excisive, the maps QnF : PnF(X) —» Pn-iF(X) are fibrations, the 
functors DnF = hofib((j'„-F) are n-homogeneous,^ the maps Pn and qn are natural in F , and Pn is 
homotopy initial among all natural transformations from F to an n-excisive homotopy functor. 

Remark 7.1.6. More generally, if M and J\f arc any pointed model categories such that Theorem I 
may be proven, then we say that "a calculus of functors may be constructed" for functors M — > N. 

We do not give a full proof of this here, since Goodwillie's proof applies almost immediately to 
the present situation. Instead we note the main ingredients taken from [GUI] along with enough 
detail of their proofs to show that they carry over into the current context. 

Key to the proof of Theorem I is the following observation: 



Lemma 7.1.7 ([GUI, 1.7]). Up to a zig-zag of natural weak equivalences, 

^Recall that a functor is n- homogeneous if it is both n-excisive and n-reduced 
P„_i£>„F ~ 0. 



i.e. DnF is n-excisive and 



96 



Ben Walter 



1. T„ commutes with holim.jv'. 

2. P„ commutes with finite holim.jv' • 

3. Tn and Pn commute with hofibjv"- 

4.. T„ and P„ commute with sequential hocolinijv'. 

5. for VQ -valued Junctors, Tn and Pn commute with any hocolimug. 

Proof. Note that T„ is a homotopy pullback and P„ is a sequential hocoliniTv^ of homotopy puUbacks. 
Critical to us is the commutativity of sequential homotopy colimits with homotopy pullbacks, which 
we have already pointed out in each of our categories of interest. 

Statement (1) follows from the commutativity of holim^v' with holim^v'- (2) follows from the com- 
mutativity (up to a weak equivalence) of homotopy pullbacks with a sequential hocolim^v"- Together 
(1) and (2) imply (3). Statement (4) also follows from the commutativity of homotopy pullbacks 
with a sequential hocolimjv". (5) follows from the fact that homtopy cocartesian cubes in VQ are 
also homotopy cartesian (since VQ is stable). □ 

Lemma 7.1.8 ([GUI, 1.8]). P„F is n-excisive and PnF : F — > P„P is homotopy initial. 

Proof sketch. We sketch the argument showing PnF is n-excisive. That PnF is homotopy initial 
follows formally from Goodwillie in a similar manner. 

Let X he a, strongly cocartesian (n -|- l)-cube in A4. To show that P„P(A') is cartesian, we 
construct a cartesian cube which the map of cubes 



factors through. Then we have PnF{X) weakly equivalent to a sequential hocolimjv^ of cartesian 
(n + l)-cubes. Since P„ commutes with sequential hocolimjv", P„P(A') is cartesian as well. 

We rely on the preservation of canonical homotopy limits by restriction to cofinal subindexing 
categories (see §2.4.4) in simplicially enriched model categories. Recall that if K : X — > C is a diagram 
in some simplicially enriched model category C and ^7 is a cofinal subcategory of the index category 
T, then there is a weak equivalence between the canonical homotopy limit ofD\j and the canonical 
homotopy limit of the restricted diagram D 



F{X) 



t^F(X) 



TnF{X) 



holim(D) = holim(D) 



holim(D|j-) = holim(D) 



For any other homotopy limit functors on C this yields a zig-zag of natural weak equivalences between 
holim and holim. Recall that all of our categories VQ^ VQr, VQCr-i, and VQCr are simplicially 
enriched, so we have such a zig-zag of natural weak equivalences. 
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The proof is therefore completed by constructing a large cube X : yf n + 1 ) x X — > along with 
subcategories J',e Cl satisfying the following four properties: 



X{T) 



holim X 

TxX 



The cube holim is cartesian 

Txe 

e is left cofinal in {J U e) 



holim X 

TxJ 



holim X(T)*U 

UeVoin) 



(7.1) 

(7.2) 

(7.3) 
(7.4) 



(By {J U e) we mean the full subcategory of 1 generated by objects of J and e.) 

Our choices follow formally from Goodwillie's construction in [GUI 1.9]. Take for T the category 
I = P( n + 1 )"+^ and for J the category J = Diaqonal(Vo in + 1 )"+^. The diagram 



X : V (n+1 ) X V (n+1 ) 



n+l 



is now given by 



X{T,Uu-.-,Un+i)=\^ocoYim(x{T)^^ ]J ]jA'(T)ii^ ]J Wx{Tl^{s})\ 

^ l<s<n+l t/s l<s<n+l t/s ^ 

Where V is the fold map and IJ-^(«) is induced by the inclusions « : T ^ (T U {s}). This may also 
be described as the colimit of the diagram mapping X{T) to each of the objects X(T) *x{tu{s}) Us- 
After choosing the correct e the desired factorization is given by: 



F{X) 



UF{X) 




f( holim A" 

\ TxX 



F{ holim X 

\Tx{JU£) 
(3) ~ 



(4) 



F( holim i' 

\ TxJ 



■TnF{X) 




F\ holim A" 

The "• • • " in (3) is a zig-zag of natural weak equivalences coming from property (7.3) of the categories 
X, J, and e. Maps (1) and (5) follow from properties (7.1) and (7.4). Maps (2) and (4) are induced 
by inclusion maps of indexing categories. Also property (7.2) ensures that the cube (holim Af) is 



cartesian, and thus so is the cube F{ holim X). 

In Calculus III, Goodwillie uses eg = {5 e Vaj n + 1 )"+^ | Sj = {j}, some j} - the largest e 
for which his argument works. The smallest e which can be chosen is 



ew = {S& Pn( n + 1 ) 



n+l 



^A(ZBc n+l , Sj = 



B j^A 
{j} j^A 



□ 
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The following now formally follow from their corresponding proofs by Goodwillie: 
Corollary 7.1.9 ([GUI, 1.11]). IfO<m<n then the map 

is an equivalence. 

Lemma 7.1.10 ([GUI, 1.17]). DnF is n-homogeneous. 
Note that from Lemma 7.1.7 we also get that: 

1. Dn commutes with finite holimj\^. 

2. Dn commutes with hofibjv". 

3. Dn commutes with sequential hocolimjv". 

4. for D5- valued functors, Dn commutes with arbitrary hocolimpg . 

7.2 A Comparison Theorem for Calculi of Functors 

Before moving on to Theorems II and III, we note a few formal lemmas about preservation of 
homogeneousness and Taylor towers by good left and right adjoint functors: 

In this section let 7W, A^i, A^2, A/", A/i and A/'2 be any pointed model categories. We assume that 
our categories arc such that a homotopy calculus of functors may be constructed (that is Theorem 
I may be proven) for functors between any combination of the above categories. As [Kuhn] points 
out it, in order to construct a homotopy calculus of functors it is sufficient (though not necessary) 
for the categories in question to be simplicially enriched, proper model categories where very small 
homotopy limits commute with filtered homotopy colimits. 

Write Jin{M,Af) for the category of n-homogeneous functors M ^ M and natural transforma- 
tions. 

Lemma 7.2.1. Let R : Mi ^ M2 be a functor which preserves weak equivalences and homotopy 
pullbacks and commutes with sequential homotopy colimit. Post-composition with R commutes with 
Pn and gives a functor 

Ro{-): 3i„{M,Mi) ^ :Kn{M,M2) 

Let L : Ail ~> Ai2 be a functor which presserves weak equivalences and homotopy pushouts. 
Pre- composition with L commutes with Pn and gives a functor 

(-) O L : :Kn{M2,^f) ^ :Kn{MuAf) 

Proof. By assumption R comutes with homotopy pullbacks, so TnRF ~ RTnF. Since R also 
commutes with sequential homotopy colimit, 

PnRF = hocolimT^RF :^ hocolim iJT^F ~ i?hocolimT;F ~ i?P„F 
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For the second statement, note that since L preserves homotopy pushouts L{X * S) ~ L{X) * S. 
Since homotopy Hmits preserve weak equivalence T„(_FL) ~ {TnF)L. If L preserves homotopy 
pushouts then it also preserves sequential homotopy colimits, so Pn{FL) ~ {PnF)L. □ 

In particular, if L : Ali A/i : R is a. Quillen adjoint pair where L and R preserve all weak 
equivalences and R also commutes with sequential homotopy colimits, then L and R satisfy 7.2.1. 
Thus, for F : Ml ^ N2 and G : M2 ^ Mi homotopy functors there are zig-zags of (level- wise) 
natural weak equivalences of towers exhibiting 

( Taylor tower of F) o L Taylor tower of {FL) 
R o ( Taylor tower of G) ~ Taylor tower of {RG) 

In other words: 

Corollary 7.2.2. If L is a Quillen left adjoint functor which preserves all weak equivalences, then 

pre- composition with L preserves Taylor towers. 

If R is a Quillen right adjoint functor which preserves all weak equivalences and commutes with 
sequential homotopy colimits, then post- composition with R preserves Taylor towers. 

Recall that ii L : Ai ^ J\f : R is a Quillen equivalence of model categories then there are natural 
weak equivalences 1m ^—>- RL and LR ^—>- Ij^. This implies the following statement (which we 
call a "theorem" due to its importance rather than its difficulty to prove): 

Theorem 7.2.3 (Comparison Theorem). Let L : M ^ Af : R be a Quillen equivalence of 
model categories where L and R preserve all weak equivalences and R also commutes with sequential 
homotopy colimits. Then both pre- composition and post- composition with either L or R preserves 
Taylor towers. 

Proof. We already know this for pre-composition with L and post-composition with R. 

Suppose F is a homotopy functor mapping from M. There is a (level- wise) natural weak equiv- 
alence of towers 

Taylor tower of F Taylor tower of {F o RL) 

induced by the natural weak equivalence F F o RL. However, precomposition with L preserves 
towers, so there are zig-zags of (level-wise) natural weak equivalences 

( Taylor tower 0/ F) o ii ~ ( Taylor tower of {F o RL)) o R 
~ ( Taylor tower of {F o R)) o {LR) 
~ Taylor tower of {F o R) 

Similarly, for G a homotopy functor mapping to A4 there are zig-zags of (level-wise) natural 
weak equivalences 

L o ( Taylor tower of G) ~ L o ( Taylor tower of {RL oG)) 
~ {LR) o (Taylor tower of {L o G)) 
~ Taylor tower of {L o G) 
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□ 

By inspection, our right adjoint Quillen functors all commute with sequential homotopy colimits: 

Lemma 7.2.4. The functors ^^qq and C commute with filtered homotopy colimits. The functor 
^vgc commutes with filtered homotopy colimits after fibrant replacement. 

7.3 Delooping Homogeneous Functors and Theorem II 

Our next step is to analyze the homogeneous fibers of the tower constructed in Theorem I. Let M 
be Vg, VQr, VgCr-i, or VgCr, and Af be VOr, VQCr-i, or VgCr- Theorem II will imply that 
n-homogeneous functors iJ„ : — > AA (up to a zig-zag of natural weak equivalences) have the form 
f2°°]HI„ where H„ : A4 T>Q is also n-homogcncous. 

Recall from Lemma 7.2.4 and Corollary 7.2.2 that the functor $7°° : VQ — > TV preserves homotopy 
limits and commutes with P„. Therefore post-composition with 0°° preserves n- homogeneity. In 
particular, it gives a functor from 'Kn{M,'DQ) to ?C„(A4,A/'). 

Remark 7.3.1. If A/" = VQr then by f2°° we mean the n-reduction functor. 

Theorem II. The functor 'Kn{M.,'DQ) > IK„(A^,7V^) has an inverse up to a zig-zag of natural 

weak equivalences. 

The theorem is proven by first constructing a natural single delooping (up to a zig-zag of natural 
weak equivalences) of homogeneous functors. This is then used to naturally construct homogeneous 
2?^-valucd functors whose infinite dcloopings are (up to a zig-zag of natural weak equivalences) the 
given A/'-valucd homogeneous functors. 

Single dcloopings follow directly from [GUI]: 

Lemma 7.3.2 ([GUI, 2.2]). Given F : M ^ M a reduced homotopy functor, there is a natural 
diagram of homotopy functors M. ^ N given by 

A A 

PnF > Pn-lF 

Y Y 
Oc^^Xni^ ^RnF 

where RnF is n-homogeneous and (as indicated) K^F is (naturally objectwise) contractible and the 
lower square is (naturally objectwise) cartesian. 

Proof sketch. The proof which Goodwillic gives of the corresponding lemma ([GUI 2.2]) is completely 
formal. It relies entirely on taking holim's of a series of different diagram functors in Af. All maps in 
Goodwillie's proof are induced by inclusions of indexing categories and all weak equivalences follow 
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from left cofinality - similar to the proof of Lemma 7.1.8 in the previous section. Thus Goodwillie's 

proof of [GUI 2.2] perfectly transports to this framework without any necessary modification. 

We do not transcribe the entire proof here since it is rather long. □ 

Applying the lemma to F an n-homogeneous functor, we get P„_iF ~ P„_iF contractible. In 
particular, there is a natural zig-zag: 



F = PnF 



PnF holimjv 



/ Pn-lF\ 

i 

RnF 

\ 

\ Kr^F ) 



(2) 



holimjv" 



/ N 
i 

RnF 

t 



^R^F 



where map (1) is due to the lower square in Lemma 7.3.2 being cartesian and map (2) is induced by 
the weak equivalence of diagrams given by the contractions of K^F and Pn-iF to 0. 

The remainder of the proof of Theorem II deviates shghtly from Goodwillie, since our category of 
rational spectra is T>Q rather than VQjC-spectra or DQC-spectra (the stabilizations of the categories 
VQCr-i and T>QCr respectively). 

Proof of Theorem II. Thus far, we have constructed a functor i?„ : IK„(A^,A/') — > 'Kn{M.,N) along 
with a zig-zag of natural weak equivalences Iji^ ^ ■ —> CtRn. We use this to construct functors 
B'^ : !Kn{M,J\f) — > "Kni^AjVGr-k)- The desired inverse (up to a zig-zag) for Q°° is then given by 
lim B'^ = B°°. We will, however, need to make some sense of this expression. 

k—^oo 

Recall that M is one of T>Qr, VQCr-i, or VQCr. Note that the functor fl : Af ^ Af factors 
through VQr-i as^ 



VgCr-i 

vgCr — 



i-V 



incl 



-vg. 
vg 



incl 



r-1 



incl 



r-1 



For convenience let us write this factorization as 



vg 



r-1 



^vg 
^vg 
^vg 

vg - 



vgr 

■vgCr-i 
vgCr 



The functors / and s ^ above preserve weak equivalences and homotopy limits and therefore also 
cartesian cubes. Thus {s~^ f Rn) gives a functor to 'Kn{M.,Vgr-i). Let 

B = {s-^fRn) : ^n{M,M) ^ 'Kn{M,Vgr-l) 

and note that there is a natural zig-zag Lr-iB) = ClRn ^ ■ ^ lw„- Iterating this process 
yields a sequence of functors {B^ : Jin{A4,J\f) — > ?{„(A1, P^r-fe)} related for fc > by natural 

zig-zags {icdr-kB''^^) ^ ■ ^ B'^ . 

*By S7°° : VQ VQj. we mean the r-reduction functor = redr : "DQ — > VQj.. 
Recall : Xig ^ VgC^-i hy V ^ [s"! redr(F)]DGL and : -* VgCr by V h-* Aredr(F). 
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We will make an argument which is essentially as follows: Given a functor F G J{„(A4,7V) we 
now have zig-zags of natural weak equivalences exhibiting s^B^F ~ fis'^+^S'^+^F. ^ Thus, given 
a functor F G 3-C„(A^,7V) the sequence^ {s^B^F : A4 'DQr}k>o naturally determines a functor 
B°°F mapping to P^/r-spectra. Of course, a X'^i.-spectrum is merely a DG. The functor B°°F is n- 
homogeneous because each of the component functors s'^B'^F are n-homogeneous. By construction, 
Sl°°B°° ~ Ijt^ and an observation using bispectra along the lines of Goodwillie [GUI 2.1] shows 
that B°°fl°° ~ ]1m„ as well. 

To avoid possible unpleasantness involved in the relationship between the categories of VQ^- 
spectra and VQ we make our explicit argument without ever referring to 'D^j.-spectra: 

Recall that ir^iB) ^ ■ ^ ]1m„, so the fimctor (ir-iB) is a right inverse for Q°° up to a zig- 
zag of weak equivalences. Unfortunately [br-iB] is not a functor to '}in{M., T^Q). In particular, given 
F G 'Kn{M,M), the map {ir^iB)F is in general not homogeneous, since the inclusion of categories 
functor br-i ■ VQr-i VQ preserves weak equivalences but not homotopy limits. However t^-i 
isn't too bad in the sense that it does at least preserve n-dimensional homotopy pullbacks of objects 
which happen to all be at least (n + r — 2)-reduced (the pullbacks of such diagrams in VQ^-i and 
T>Q coincide). Furthermore the zig-zags (redr_feB'^+^) <^ • B^ combine to give natural zig-zags 
of weak equivalences between n°°{ir_kB^) = {ir-i^^^r-iB'') and l5t„. The functor [l^^j^B'') is 
a clear improvement over (i^-i-B) since tj.-fe preserves n-dimensional homotopy pullbacks of objects 
which are all at least (n -f r — fc — l)-reduced. 

We combine the S'^'s using a construction analogous to the method of spectrification used to 
make an f2-spectrum out of a pre-spectrum. In the following we view all of our functors as maps 
to VQ rather than VQj—k', however, in order to simplify our notation we neglect to explicitly write 
the inclusion of categories functors tj : VQj — > VQ. For example, we write only B'^ rather than 

Recall that for V G VQi and i < j there is a natural map redj{V) V given by mapping by the 
identity above grading j and by the inclusion of a kernel in grading j (this is the map given by the 
composition of the adjoint pair {lj redj) l^ej- Thus there are natural maps yedr-kB'^'^^ — > 5*^+^. 
Let B°° be the functor defined by taking the colimit of the S'^'s: 

\ 

(7.5) 

/ 

Note that the diagram in (7.5) is cofibrant (since the diagonal maps are all cofibrations) so 
its colim is weakly equivalent to its hocolim. Thus since each functor in (7.5) preserves weak 
equivalences, so must B°°F. Note as well that vedjB°°F : M VQj is n-homogeneous for all j 
because there are weak equivalences redjB'^F ~ redjS'^+^F for fc > r — j and redjB^~^F = B^~^F 

^Recall that Q : VQ^ -* VQ^ by V i-> redr(^i~^ V) and redrs'' = s'' red^.j.. 

^Note that we have shifted notation: what GoodwiUie calls is analogous to our s^B^. 
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is n-homogeneous. Therefore B°°F itself is n-homogeneous. Furthermore, since for each k there are 
natural zig-zags of weak equivalences exhibiting Q,°°B'^ ~ Ij^^ there is an induced natural zig-zag 
of weak equivalences giving Q,°°B°^ ~ 1m„- 

It remains to show that B°°Vl°° ~ 1m„- However, this follows from the fact that, given a functor 
F e 'Kn{M,'DQ), there are clear weak equivalences B''Q°°F ~ red^-feF. 

□ 

7.4 Symmetric Multilinear Functors and Theorem III 

We continue our analysis of homogeneous functors. Let M. any of the categories VQr, T^Qi^r-i-, 
or VQCr and let N be any of the categories DQ, VQr, VQCr-i, or VQCr- The main goal of this 
subsection is to show that certain good n-homogeneous functors Hn : Af — > VQ up to a zig-zag of 
natural weak equivalences all have the form Hn{X) ~ (A (g) (5]°°X)®")^ where A is a VQ with 
S„-action (by we mean the inclusion of categories functor if M = VQr and the identity functor 
if Af = VQ). Our proof of this is given in a slightly different manner than Goodwillie's approach 
in Calculus III. In particular, we organize our work differently in order to make use of certain 
functors which are available to us in our algebraic setting which were not available to Goodwillie in 
the topological setting and in order to avoid problems introduced by the fact that our category of 
rational spectra is not defined as the stabilizations of either VQC or T>QC. 

The result is proven in three steps which we state as Theorem III, Lemma 7.4.1, and Lemma 7.4.2. 
The first step is to note an equivalence between certain symmetric n-multilinear functors and n- 
hoinogoneous functors. We write Ln{Af,VQ) to denote the category consisting of n- multivariate 
functors L : Af x ■ ■ ■ x Af ^ VQ which are 1-homogeneous in each variable (i.e. n-multilinear 
functors) and natural transformations between them; and L^{Af,VQ) for the category of naturally 
equivariant functors in £jn{Af,VQ^") (where Af x ■ ■ ■ x Af has E„-action permuting indices). More 
explicitly L^{Af,VQ) consists of n-multilinear functors L equipped with natural isomorphisms 

TTL : L{Xi, . . .,Xn) >■ L(X^-i(i), . . . ,X„-i(„)) for each tt e S„ 

satisfying (Trocr)^ = t^l oul- Maps in L^{A/,VQ) are natural transformations between the functors 
L which commute with the structure maps ttl- Formally translating Goodwillie's methods from 
[GUI] , there is a pair of functors cr„ and such that 

Theorem III. The functors cr,, : J{„{Af,Vg) L^{Af,VQ) and : li^{Af,VQ) :Kn{Af,VQ) 
are inverse up to a zig-zag of natural weak equivalences. 

The utility of this theorem follows from the fact that it allows us to transform problems about 
homogeneous functors into problems about multilinear functors. In practice, multilinear functors 
aren't much harder to work with than linear functors since we may work by induction one variable 
at a time. The remainder of the work which we do resides in the world of multilinear functors and 
is considerably easier to prove than Theorem III. 
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At this point we diverge from Goodwillie in our organization. Note that S°° : A4 VQ 
preserves weak equivalences and homotopy pushouts, so pre-composition with E°° yields a functor 
E°° : 'Kn{'DQ,'DQ) — > 'Hn{M,'DQ). Wc would like to create an inverse (up to zig-zag) for this 
functor; however, we begin with something slightly simpler. 

Note that actually maps : M — > VQr, so precomposition with it also gives a map 
: !Kn{'DQr,'DQ) — > 'Kn{-M,'DQ). Step two of our solution consists of finding an inverse of 
up to a zig-zag of natural weak equivalences. Actually, we invert the induced transformation of 
symmetric multilinear functors since that is much easier (and is equivalent by Theorem III). 

Lemma 7.4.1. The functor (S^)^" : li^{VQr,T>Q) — »• !i^{M,VQ) has an inverse up to a zig-zag 
of natural weak equivalences. 

With this, we have a chain of equivalences: 

The third step in our analysis consists of a classification of symmetric multilinear functors 
L^{Vgr,'Dg) which satisfy the colimit axiom: 

Lemma 7.4.2. Let L be a symmetric n-multilinear functor L e L^{J!)g,'Dg) or L & £^(D^r,^^)- 
There is a zig-zag of natural weak equivalences exhibiting 

L{Vi, . . . , y„) ~ A (g) (Fi • • • (8) 14) 

where A is a'DG with Hn-action if either L satisfies the colimit axiom or if the complexes Vi are all 
finite. 

Recall that a homotopy functor F : A4i — *■ A42 satisfies the colimit axiorriJ if F preserves filtered 
homotopy colimits. That is, for © : X — > A^i any filtered diagram in A^i the canonical map 

F(hocolim;Wi(I')) — >\ioco\im.M^F{D) 

is a weak equivalence (sec e.g. [GUI, 5.10]). Lemma 7.4.2 is proven by appealing to [Kuhn] (since 
the categories Vg and Vg^ are both simplicially enriched). 
The desired result follows: 

Corollary 7.4.3. If H € J{„(A/', 2?^) satisfies the colimit axiom then there is a zig-zag of natural 
weak equivalences exhibiting H{X) {A ® (S°^X)®")e^^ where A is a DG with Y^n-action (where 
is the inclusion of categories functor if N = Vg^ and the identity if N = Vg ). 

7.4.1 Cross Effect, Diagonalization, and Theorem III. 

The results of this subsection formally follow from Goodwillie's constructions in [GUI §3]. Thus 
most proofs are omitted, and we give only a rough outline of the constructions necessary. Next to 
each lemma or theorem we indicate which lemma or theorem of Goodwillie is analogous. 
''Other expressions sometimes used to denote this property are "F is finitary" and "F is continuous." 
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Recall that AT is one of VQ, VQC, or VQC and an n-cube in A/" is a functor X : T(n) — > M, where 
n is the set n = {1, . . . , n} and for 5 a set CP(S') is the poset of subsets of S and inclusion maps. We 
write for the initial object in Af. Let X = {Xi, . . . ,X„) € A/"^" and X{X) be the n-cube in Af 
given by X{X) : ?{n) M by 

X{X) Y[Xs 

se(n-S) 

with maps induced by the maps — > 0. 

Example 7.4.4. If Af = VQ and n = 3 then X{X) is the cube: 



Xi®X2®X3- 



Xi6 


5X3- 


1 


>■ 




1 




— > 



^3 



Odg 



If AT = Dg;£ and n = 2 then A'(X) is the square: 

Xi®X2 



Xo 



Xi > Odgl 

Definition 7.4.5. Given an n-cube y : CP(n) — > A/" the total homotopy fiber of y is 

thfib(3^) = hofib (3^(0) holimCVo)) 

where yo is the restriction of the diagram y to the sub-indexing category 'S'o{n),^ and the map 
y(0) — > holim(3^o) is the composition of the natural maps 

3^(0) lim(J^o) — ^ holim(3^o) 

Remark 7.4.6. thfib(y) ~ if the cube y is homotopy cartesian. There is a dual definition for 
total homotopy cofiber of y, and dually thcof (V) ~ if ^ is homotopy cocartesian. 

It follows from definitions that the total homotopy fiber of the cube y is equal to the homotopy 
limit of the larger diagram 



yo : Voin+l) ^ by MS) 



ii {n + l)^S 

y{S -{n+ 1}) otherwise 

It is also equal to taking the homotopy fiber of the map of total homotopy fibers induced by dividing 
y into two (n — l)-cubes y = (y^ — > y^)- Prom the previous statement, it is clear that total 
homotopy fibers may be computed by taking iterated homotopy fibers of homotopy fibers as in the 
example: 

**Recall that this is the full subcategory of y(n) consisting of all non-trivial subsets of n — i.e. it is y(n) minus the 
initial object 0. 
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Example 7.4.7. Let y : T(3) — A/" be the 3-cube given hy y : S i->^ Ys . Then the total homotopy 
fiber of y may be computed by 



hofib(/i) = thfib(3^) 

hofib(gi) - 



hofib(/i) 
I 
I 



ai 



hofib(/3) 



hofib(52) 7 - - - ll0fib(/2) 



92 I 



y 




{3} ^ 

/3 



Y, 



{1} 





to 











Y, 



{1-3} 



Ys 



{1>2} 



hofib(/4) 

I 
I 
I 

Y{2,3} 



/4 

^{1,2,3} 



Definition 7.4.8 (Cross Efifect). Define the n*^-cross effect functor cr„ to be 

cr„ : J=unct{Mi,M2) ^ J=unct{M^'^ , H2) by cr„f (X) = thfib (i^A'(X)) 
where Mi and are each one of the categories VQ, VQCj—i, or VQCr and F : A/i — > A/'2. 

Note that the n**^ cross-effect of the functor F is naturally invariant under the action of S„ 
permuting the inputs, since such a permutation is equivalent to rotating the cube X{X), which 
changes its homotopy fiber only by a natural isomorphism. The following immediately follow from 
the formality of Goodwillie's proofs of the corresponding results in the topological setting: 

Lemma 7.4.9 (GUI 3.3). If F : J\f\ ^ M2 is n-excisive, then for < m < n the functor 

-excisive in each variable. 

Corollary 7.4.10. The n*^ cross effect gives a homotopy functor CTn '■ 'Kn{M\,M2) — > £^(A/i, A/2) 
(weak equivalences in ?t„(A/i, A/'2) and £^(A/i,7V2) are the natural weak equivalences). 

We would now like to construct a homotopy inverse for cr„ : 

Definition 7.4.11 (Diagonalization) . Define the diagonalization functors A„ and by^ 

• A„ : Punct{M^'',M2) ^ Panct^^ {^1,^2) by A„G(X) = G{X, ...,X) 

• A^ : Panct{M^'',N2) ^ J^nct{Ni,N2) by A^C?(X) = G{X, X)e„ 

Remeirk 7.4.12. In Goodwillie's setting, he uses A^G{X) = G{X, . . . , X)h^^. Since orbits is 
already a homotopy functor on 2?^^", it is weakly equivalent to the homotopy orbits (see §3.4). 
Thus we may use the more simply defined orbits rather than homotopy orbits in our rational A^. 



Lemma 7.4.13 ([GII, 3.4]). If G : M^" 

excisive. 

^Goodwillie calls these functors A and A„. 



A/2 is {xi, . . . ,Xn)-excisive, then A„G is {J2^i)' 
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Lemma 7.4.14 ([GUI, 3.1]). IfG : Af^'^ ^ N2 is {I,..., l)-reduced, then A„G is n-reduced. 

Corollary 7.4.15. The functor A„ is a homotopy functor A„ : £^(7Vi,A/2) 'Kn{Mi,M2) and 
is a homotopy functor A^ : li^{Mi,Vg) 'KniMuW)- 

We are now ready to state Theorem III: 

Theorem III ([GUI, 3.5]). The functors CTn : •Kn{Af,T>Q) ^ li^{M,Vg) and : L^{N',Vg) 
I>{„(7V, X>^) are inverse up to a zig-zag of natural weak equivalences. 

The proof of this is omitted since it follows directly from [GUI] . 



7.4.2 The Proofs of Lemmas 7.4.1 and 7.4.2. 

Recall that is the functor : 'Kn^^Gri'DG) — > JiniAdjVQ) given by precomposition with 
E°° : A4 — > VOr. We begin by proving Lemma 7.4.1. 

Remark 7.4.16. Lemma 7.4.1 is analogous to [GUI 3.8]: If F is n-homogeneous, then F is deter- 
mined by F o S. 

Lemma 7.4.1. The functor (S^)^" : !i^{VQr,VQ) — »• !i^{M,'DQ) has an inverse up to a zig-zag 
of natural weak equivalences. 

Proof. Note that the functor Y, : Ai ^ M. factors through VQ^ as 



S : VgCr-i ~ VQr 

For convenience, write this as 



■VGr 
■VGr 

-VGr 



■ VGCr- 
■VGCr 



We use this factorization in order to prove the lemma for the case n = 1 similar to the way in which 
we used the factorization of O in our proof of Theorem II. For general n, the lemma reduces to this 
case. 

Let L G ili{M,'DG) be a linear functor. Given X £ A4, consider the diagrams 



^cX 



L{X) 



■ L{cX) 





L 

1 > 












V 







■EX 



L(SX) 



m- 

The left square is homotopy cocartesian and L is linear, so the right square is homotopy cartesian 
with L(0) ~ ~ L{cX). Thus there are natural weak equivalences 

/ L{cX)\ f \ 



L{X) > holimx>e 



i 
t 

V m J 



holimpg 



i 

l{j:x) 

t 





nL{'SX) 
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Recall that for V e Vg, we have Q.V = s-'^V. Let KL : VQr ^ T^Q be the functor given by 
KLiy) = s~^{L o k){sV). The functor k : VQr -M preserves homotopy cocartesian squares and 
weak equivalences; therefore KL : VQj. VQ is linear. By construction there is a natural weak 
equivalence 

LiX) OL((fcsE°°)X) = = {Y.^KL){X) 

In other words, K : L^{M,Vg) — > ii^iVGr, VQ) is a right inverse (up to natural weak equivalence) 
of the functor : L^{Vgr,Vg) — > L^{J\f,Vg). 

Now let L e Li{Vgr,T>g) be a linear functor. We wish to exhibit a zig-zag of natural weak 
equivalences between L{V) and {K-S^L){V) = K{Li:°°){V) = s-i((LS°°) o k){sV) = s-'^L{sV). 
However, since L is linear, this follows from the diagrams 



V 



cV 



L{V) 



L 

I > 



- L{cV) 

Y 

L{T,V) 



as above. 

For the general case where L G Z^{M,'Dg) the result follows from applying the above construc- 
tion to each of the variables of L in turn. 

□ 



Recall Lemma 7.4.2: 

Lemma 7.4.2. Let L be a symmetric n-multilinear functor L G L^{'Dg,'Dg) or L € L^{'Dgr,'DQ). 
There is a zig-zag of natural weak equivalences exhibiting 



L{Vu 



, y„) ~ A (g) (Fi (g) • • • 8) K) 



where A is a DG with T,n-action if either L satisfies the colimit axiom or if the complexes Vi are all 
finite. 

Rather than give a proof of this theorem using our models for homotopy limits and colimits, we 
note that it follows from [Kuhn 2.5] since the categories VQ and VQr are both simplicially enriched 
and proper. 

Remark 7.4.17. Let L : VQ — > Vg be a linear functor. There is a very simple way to make an 
explicit (non-natural) weak equivalence L{V) ~ L(1dg) ^ V- Begin with the diagram 



1 



DG 



cl 



DG 



i^(lDG) 



Odg 



Idg 



^(Odg) 



-^^(cIdg) 



L(s® Idg) 



i°Note n = s-^ and S = s in Vg. 
Recall that Idg is the DG which has Q in degree and elsewhere. 
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Since VQ is a stable model category, the right diagram above is also a homotopy cocartesian diagram. 
Thus there are natural weak equivalences 



L{s) =L(s (8)1dg) 



hocoUm 



/ ^^(cIdg) \ 

t 

^(Idg) 
I 

V ^(Odg) J 



hocoUm 



/ ^(Odg) \ 

t 

i(lDG) 
I 

V ^(Odg) J 



s(8)L(1dg) 



Inducting on k in the diagrams 



L{cs^) 



Odg 



L{s^) — 



^(Odg) — ^L{s®s^) 



we extend to natural weak equivalences L{s^) <^ (s*^ (g) L(1dg)) for k positive and negative. 

If F is a DG, then by choosing basis elements for V we may write it as a (possibly infinite) 
sequence of homotopy pushouts of dgs s'^ analogous to the way that we may build a cellular 
complex inductively by adding cells of higher and higher dimension (except that now we inductively 
add cells of greater and greater positive and negative dimensions). Since L commutes with filtered 
homotopy colimits, this yields zig-zags of natural weak equivalences L{V) ~ (T/ eg) L(1dg))- 

If L : "DQr T^Q is a linear functor. We may work similarly, beginning with the diagram 



cs' 



Odg 



Y 

^(Odg) 



Lies'-) 



L{s (g) s'^ 



which gives L{s (3 s' ) < — (s €5 L(s'')). In particular, for fc > r we may induct to get 

L{s'') ^ (s* ® s-^L{s^)) 
The colimit axiom then gives L{V) ~ (F s-''L{s'')) for all V G VQ^. 



^^For example if y = (Qvi © Qv2, d{v2) = vi) then V is the homotopy pushout of s <-i- s — > Odg- 
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Chapter 8 

Derivatives of the Rational 
Identity Functor and a Comparison 
Theorem 



8.1 DGL to DGL 

Consider the identity functor t-vgc '■ VQCr-i — > VQCr-i- By our constructions of the previous 
section, there is a universal approximating tower of fibrations given by 



Po^-pgc 



with fibers Dnl-vgc Pn^vgc Pn-i^vgc- In particular given L any free dgl, the rational 
Taylor tower of the identity functor evaluated at L yields a tower of fibrations in 'DQC converging 
to L with fibers (naturally) of the form 



's-^(dr.tr>gc®{s{LT"f'')^ 



DGL 
DGL 



where the dri^-vgc are DGs with S„-action and S„ acts on [^li)^*^] j-,q and [(-^)^'^]qq by permuta- 



and [[LTXI 

tion of elements with signs according to the Koszul convention, and on s"~^ by multiplication by 
(_l^sgn(o-)_ jrpjjg S„-equivariant isomorphism on the last line is given by the desuspension (s~^) 
of the E„-equivariant map {sli ® ■ ■ ■ ® sin) ^ (— ® (/i ® • • • ® In), where (— 1)*^ is the sign 
incurred under the Koszul convention by moving all of the s's to the beginning of the expression 
{k = Y^^j^l Si=i I'il) and Yjn acts diagonally on the right with an action on s" given by multiplica- 
tion by {-\ysn{<y)i^ 
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Another natural tower of fibrations associated to any free dgl is the one induced by its lower 
central series. Recall that the lower central series of a dgl is the (natural) sequence 

L D [L,L] D [L,[L,L]] D ••• 

II II II 

r\L) r2(L) r3(L) 

This induces a (natural) tower 

f i 

r"+i(L) Vr"+i(L) =Bn{L) 

t i 
r"(L) Vr"(L) =B„-i(i) 

t i 

f i 

r3(L) Vr3(L) =B2(L) 

t I 
r2(L) Vr2(L) =Bi(i) 

with natural maps L — > Bn{L) given by the quotient maps. For L G fVQCj—i (with r > 2) this is 
a tower of fibrations in VQC whose limit is L because the objects r"(L) are increasingly reduced - 
r"(L) is n(r — l)-reduced since L is (r — l)-reduced. When L is free, the tower of objects Bn{L) is 
called the bracket- length filtration of L since for L = (Ly, d) we have 

Bn{L) = ((T^"y) nLy, d = do + --- + dn) 

That is Bn{L) consists of the elements of Ly with bracket-length < n.^ 

The fibers of this tower for L free are well known - they are H„{L) Bn{L) Bn-i{L) where 
Hn{L) is "all bracket expressions in L of length exactly n." More precisely, Hn{L) is naturally 
(equivariantly) isomorphic to the DGL with trivial bracket 

if„(L)- [(Lze(n)® ((L)-^)®")^ 

where Lie{n) is the DC concentrated in degree generated by all abstract bracket expressions of 

n elements (e.g. [xi, [x2, • • • , [a;„_i,a;„] •••]]) modulo anti-symmetry and the Jacobi identity; E„ 

acts on ((L)*^*^)*^" by permutation of terms with signs according to the Koszul convention, and the 

action of S„ on Lie{n) is generated by the permutation of the elements in a bracket expression (e.g. 

[xi,- ■ ■ , [xn-i,Xn]] 1-^- [Xa{i),- ' ' , [Xain-1) , ^aj] with no negative signs). 

Note that Hn is an n-homogeneous functor Hn : fDQCr-i T^Q^^nir-i)- Thus each B„ is 

an n-excisive functor.^ So this tower is an approximating tower of fibrations of n-excisive functors 

^By "bracket length n" we mean a nested bracket expression of n elements - so bracket length 1 means there is 
no bracket at all. 

^This statement uses the assumption that r >2. 



DGL 
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converging to the identity functor in the strong sense that the maps L Hn{L) are vector space 

isomorphisms up to degree n(r — 1). In particular the functors Idgl and _ff„ agree up to degree 
n. A standard theorem of homotopy calcuhis [GUI 1.6] imphcs that P„1bgl — PnHn = Hn- Thus 
the bracket-length filtration is the rational Taylor tower of the identity functor evaluated at the free 

DGL L. 

Comparing Hn{L) with Dnl-Dgc{L) (for L free) we get the following theorem: 

Theorem 8.1.1. The rational derivatives of the identity functor Ivgc ■ VQCr-i — > VQCr-i are 
Lie{n) graded in degree (1 — n) with J^n-action twisted by the sign of permutations. 

Note that it is enough to consider only L free because the identity functor is a homotopy functor 
and every DGL is quasi- isomorphic to its cofibrant replacement (which is a free DGL). 



8.2 DGC to DGL 



We investigate the rational Taylor tower of the hmctor H : 'DQCr — > VQCr-i (for r > 2) in the same 
manner. The rational Taylor tower of iL evaluated at C a DGC yields a tower of fibrations in T>QC 
with fibers (naturally) weakly equivalent to: 

Oniric) ~ ripg£(9,jC ® (SpggC)'^") 

Where S„ acts on [C]§g by permutation of elements with signs according the the Koszul convention 

and Tin acts trivially on . 



Recall that iL(C) is defined to be the free DGL Si{C) = (L^ 



dL + c^a) so it has another 



approximating tower of fibrations in "DQC given by its bracket-length filtration. The fibers of this 
tower are Hn{C) Bn{C) i3„_i(C) naturally (equivariantly) isomorphic to 

\ ab-i 



Hn{C) 



(Lie{n) (g) [(i:(C)) 

(Lie(n)®(s-i[C]DG)®") 
(s-"Lie(n) ® [C]®1 



DGL 



DGL 



DGL 

Again, Hn is an n-homogeneous functor to increasingly reduced DGL s, so the B„ are n-excisive. 
Since the form an approximating tower of fibrations of n-excisive functors which converges to 
£ in the strong sense that the maps £C — > i?„(C) are vector space isomorphisms up to degree 
n(r — 1). In particular L and i?„ agree up to order n, so P„£ ~ PnHn = Hn and thus the Hn give 

the rational Taylor tower of 

Comparing Hn{C) and D„L{C) while keeping track of the Sn-actions,"^ we have now shown: 

Theorem 8.2.1. The rational derivatives of the functor L : VQCr — » T>QCr-i are Lie{n) graded in 
degree (1 — n) with "En-action twisted by the sign of permutations. 



^This time, there is a twist by sign of permutation on the S„-action of the s " in Hn(C) since the s " came from 
(s~^[C]dg)'^" which has signs on its S„-action according to the Koszul convention. 
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8.3 DGC to DGC 

We outline a method for computing the derivatives of functors VQCr VQCr using the derivatives 
of functors VQCr — > VQCr-i- Let F : VQCr — > VQCr-i be a homotopy functor. 

Recall that the functor C : VQCr-i — > VQCr is a right Quillen adjoint which preserves all 
weak equivalences and commutes with sequential homotopy colimits (Lemma 7.2.4). Thus post- 
composition with e preserves Taylor towers of homotopy functors by Theorem 7.2.3. In particular 
DniCF) ~ e{DnF). 

Applying this to the functor £ : VQCr VQCr-i, it follows that there are zig-zags of natural 
weak equivalences 

£>„(e£)(C) ~ Q{D^Si){C) 

Thus the derivatives of CiL are the same as those oi L. Recall that there is a natural weak equivalence 
Ipgc This implies that the towers of t-vgc and CL are the same (or at least weakly 

equivalent). In particular, l-pgc and C£ have the same derivatives. 

Theorem 8.3.1. The rational derivatives of the identity functor l-pgc ■ VQCr ~* VQCr o,re Lie{n) 
graded in degree (1 — n) with Yin-action twisted by the sign of permutations. 

Remark 8.3.2. We could also have attempted to analyze the rational Taylor tower of t-vgc '■ 
VQCr ~^ VQCr similar to the way in which we anaylzed the tower of l-ngc '■ VQCr-i ~* VQCr-i- 
Associated to every cofree DGC is a word-length filtration: 

. . . ^ A<n(C)pr ^ ^<(n-l)(^-)pr ^ ^ {C)'^'' Q 

which converges to the cofree DGC in the strong sense that the maps A-"(C)p'' — > C are vector space 
isomorphisms for an increasing range of degrees. Unfortunately, the arrows in this tower map in 
the wrong direction for it to possibly be a rational Taylor tower. It could perhaps be useful in the 
analysis of a dual homotopy calculus of functors, however. 

More generally, if we are able to compute the towers of all functors VQCr VQ£r-i then the 
tower of any functor F : VQCr ^ "DQCr is given by e( Tower of {HF : VQCr ^ VQCr-i)) since 
there is a natural weak equivalence F —^ QLF. In particular, an argument as above shows that the 
derivatives of F are the same as those of LF. 



8.4 DGL to DGC 

We analyse the tower of the functor 6 : VQCr-i 
1 : VQCr VQCr in the previous section. 



VQCr similar to the way in which we analysed 
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Post-composition with C also preserves Taylor towers of functors F : "DQCr-i VQC^-i- In 
particular it preserves homogeneous layers. Applying this to Ivgc '■ 'DQCr-i — > "DQCr-r yields 
zig-zags of natural weak equivalences 

DnQ{L) = Dn{<iolT,gc){L) 

~ e{Dnl-Dgc){L) 

So the derivatives of C are the same as those of tvgc- 

Theorem 8.4.1. The rational derivatives of the functor 6 : VQCr-i —>■ VQCr are Lie{n) graded in 
degree (1 — n) with Y^n-action twisted by the sign of permutations. 

8.5 A Comparison Theorem for Derivatives 

We could also have computed the derivatives of H and t-vgc from the derivatives of t-vgc and 6 by 
applying pre- composition with L : VQCr — * VQCr-i- Since L is a Quillen left adjoint which preserves 
weak equivalences, prc-composition with it preserves rational Taylor towers by Theorem 7.2.3. In 
particular D„(Fi:) ^ (DnF)L for either F : VQCr-i ^ VQCr or F : VQCr^i VQCr-i- 

Applying this to the functor C : VQLr-i VQCr, it follows that there are zig-zags of natural 
weak equivalences 

DnlvgciC) ^ D^{eL){C) 
~ (£'„e)£(C) 

So the derivatives of l-ugc are the same as those of C. 

Applying this to the functor 1-vgc ■ VQCr-i VQCr-i, it follows that 

£>„(£)(C) =Z?„(W^)(C) 
^ {Dr^lvgcMC) 

- ^lSgc{dnt-Dgc ® i^vgci^C))'^")^ 

~ n^gcidntl^gC {T.^gcCr^)^^ 

So the derivatives of L are the same as those of tvgc- 

More generally, we have the following theorem (which has an obvious generalization to any pair 
of Quillen equivalent model categories F : B C : U): 

Theorem 8.5.1. Let M. be either VQCr or VQCr -i. 
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1. If F : M VQCr-i is a homotopy functor, then post- composition with 6 preserves rational 
Taylor towers. In particular the derivatives of F are the same as those of GF : A4 — > T>QCr ■ 

2. If F : M. ^ T>QCr is a homotopy functor, then post- composition with £ preserves rational 
Taylor towers. In particular the derivatives of F are the same as those of LF : M. — > VQCr-i. 

3. If F : VQCr Ai is a homotopy functor, then pre- composition with C preserves rational 
Taylor towers. In particular the derivatives of F are the same as those of FQ : VQCr-i 

4. If F : VQCr-i ^ M. is a homotopy functor, then pre- composition with L preserves rational 
Taylor towers. In particular the derivatives of F are the same as those of FZ : VQCr — >■ M . 

Proof Sketch. (1) follows from the facts that C is a Quillen right adjoint which preserves all weak 
equivalences and also Cfi^g^ ~ ^vgc- 

(2) follows from (1) and the fact that the tower of F is the same as that of GLF. 

(3) follows from (4) and the fact that the tower of F is the same as that of FGL. 

(4) follows from the facts that £ is a Quillen left adjoint which preserves all weak equivalences 
and also ~ SSf^^. □ 



Chapter 9 



Jets: A Preview 



Recall from Chapter 1 that the "jet" of a functor is the symmetric sequence of spectra given by 
the functor's derivatives along with all of the necessary structure maps required to recover the 
approximating Taylor tower of the functor. 



9.1 Motivating Example 

Consider a functor F : Top^ Spec which has only two nontrivial, homogeneous layers, say DnF 
and DmF, for n < m} The approximating Taylor tower of this functor consists of the fibration 
sequence 

D F ^ P F — F 

I 

The sequence may be extended to the right yielding 

F = PmF 

\ 

DnF n-'DmF 

Given only the homogeneous two layers, the map DnF — > fl~^DmF tells how to put them back 
together and recover F - the map's homotopy fiber is naturally weakly equivalent to F. We show that 
maps between homogeneous functors to spectra arc determined by maps between their coefficients 
half smashed with certain surjection sets - in this case the map DnF fl^^D„iF is determined by 
a I]„-equivariant map, 3„F dmF A Sur(m, n)+)^^ , which can be explicitly constructed 

using cross effects. This map is a structure map of the type which we are interested in - knowing 
the two nontrivial derivatives of F (the coefficients of the homogeneous layers) along with their 
symmetric group actions and this structure map between them, we may recover the functor F. 



^Bactrians are bigger than dromedajries. 
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Remark 9.1.1. If we instead had F : Top — > Top mapping to spaces rather than spectra, then we 
could still use a similar argument to figure out the additional structure required to recover F from 
dnF and dmF. Homogeneous functors can be dcloopcd, so the fibration sequence still extends to 
the right to give PmF D^F fl~^DmF. In order to analyze the map 

fl°°{dnF A E°°X^"),,E„ ^ fl°°{il-^dmF A S°°X^'")^e„ 

we may consider the adjoint map 

S°°f2°°(a„F A S°°X^")fcE„ ^ {i^-^dmF A 

of functors Top — > Spec. The left-hand side is a composition of two functors to Spec, one of them 
homogeneous and the other - S°°f2°° - somewhat well understood (see work e.g. of Kuhn) and 
rationally completely understood (recall Corollary 6.2.12). 



9.2 Some Structure of Rational Taylor Towers 



Let A4 and A/" be any of the categories VQ, VQr, VQCr-i, or VQCr and suppose F : M. ^ M is a. 
rational homotopy map. Wc would like to analyze PnF in the Taylor tower of F. Our approach is 
to perform the analysis in stages. 

Lemma 9.2.1 (G-structure). As a graded vector space, PnF is given by: 

n 

[PnFh = ^[DkF]G 
k=l 

Proof. In the category Q all fibrations are split. Thus, (assuming that F is reduced) the fibration 
[D2F]g ^ [P2F]g ^ [DiF]g implies that [P2F]g = [D,F]g [D2F]g. 

Induct. □ 

Lemma 9.2.2 (DG-structure). As a differential graded vector space, PnF is given by: 

( (dix \ \ 

. 



\PnF\ 



DG 



\D^F\G®---®\DnF\G, dp^F 



\ 



\dnl 



I 



where dij : [DjF]G — > [Dj-Fjc is a degree -1 G-map. Furthermore the diagonal maps are precisely 
the differentials of the appropriate homogeneous layers (i.e. DiF = ([Dji^Jc, da)). 

Proof [P2F]bg = {[P2F]g, dp,F) = {[DiF]g © [^2F]g, dp.p). The degree -1 map, dp.p : [DiF]g © 
[£)2-F']g — ^ [-Di-F]g ® [D2F]g, can be expressed as a 2 x 2 matrix of maps 



dp^F = 



dii di2 

, d21 d22 , 
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where the dij are degree -1 maps, dij : [DjF]G — > [DiF]G- Since the fiber inclusion [-D2-F]dg — * 
[P2-P']dg is a DG-map, we must have i o dD2F = dp^p o i = [di2 + ^22) ° Thus, di2 = and 
c?22 = dp^F- A similar argument applied to the map [P2F]Tyg ^ [DiF]'Dg forces 

Induct. □ 

If F is a functor Ad — >■ "DQ then this gives a classification of F by the collection of its homogeneous 
layers and the structure maps dij : [DjF]c, [DiF]Q. We would prefer, however to have structure 
maps go between 2?^-objects rather than just ^-objects. We will analyse the structure maps dij 
more thoroughly. 

Note that a degree -1 map of G-spaces f : B can be viewed as a degree map f : sB. 
We use the " symbol to denote degree -1 maps viewed as degree maps to suspensions. 

Corollary 9.2.3. The maps dij combine to give the following structure: 

• The maps are BG-maps 

: [Af ]dg s[A+i-F]dg 

• The maps dj+i^j-i are null homotopies of the compositions of DG-maps 

{sdi+i^i o di^i-i) : [A-i^'Jdg s^[A+i-F]dg 

• The maps di+2,i-i are homotopies of the two null homotopies of the compositions 

(s^rfi+2,i+i o sdi+i^i o : [A-i^]dg s^[A+2-F]dg 

• Etc. 

Proof. All of these statements come from expanding dp^p dp^p = from Lemma 9.2.2. 
The first statement follows from the equation 

f^j+lji+l + di^i = 

(Note that dsOi+i = -sdnt+i = -sdi+i^i+i.) 
The second statement follows from 



The third statement follows from 



(Note that dg2p,^^^ s'^dD,^^ = s^di+i^j+i.) 



di+2,i+2 di+2,i-l + rfj+2,j+l) + C^j+2,i + rfi+2,i-l C^i-l,i-l = 

Etc. □ 

The standard way to write the above information is as a series of commuting n-cubes of maps 
of suspensions s'^[D„F]dg and iterated cones c^[DnF]j:,G. 
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Example 9.2.4. The maps between [-Di-F]dg and [D4,F]jjq are as follows (where i denotes the 
inclusion of a DG into its cone): 



[DiF] 



DG 



S[D2F]UG 



c[DiF] 



H31 



DG 



s^[DsF]j,G 



c[DiF] 



DG 



cc/21 



CS[D2F]J,G 



'[D4F] 



DG 



Cc[DiF]uG 

• ifsi = dsi + Sd32 O ^21 

• -^42 = ^42 + sd^S O d32 

• Hii = dii + S^rf43 O dsi + Sd42 O d21 + S^d43 O sd32 ° d21 



Remeirk 9.2.5. The above information may also be encoded dually as a 3-cube of maps of desus- 
pensions s~*^[£>„F]dg and iterated paths p'^[Z)„F]dg- 

Furthermore any n-excisive rational homotopy functor F : A4 ^ DQ determines a series of 
commuting diagrams of maps as above. Given such a diagram, we may then recover the PnF by 
either extracting the structure maps dij from the maps in the diagram, or by merely taking the total 
homotopy fiber of the (n — l)-cube associated to P„F. 

Theorem 9.2.6. This gives a classification of rational n-excisive functors M. — > VQ by the collection 
of their homogeneous layers and structure maps between their suspensions, along with a system of 
null homotopies of compositions. 



Further structure maps are required to give a classification of functors which do not map to VQ. 



9.3 Rational Jets 

We write SJ^ for the set of surjections {1, . . . , m} — > {1, . . . , n}. Note that has an action on the 
right by J^m and on the left by S„. Furthermore, S" = S„ as a S„ bi- module. 

Suppose that we are given a set of DG-maps {f^ : An Am}ae^i^ invariant in the sense that 
for TT € S„ and rj G wc have f^ir = f-,^^ and r\f„ — f^^i- If C is a DGC then its coproduct map 
C ^ C (Xi C induces another similarly invariant set of maps {A^ : [C]§q [C]dg }<^eE™- The sets 
of maps {fa} and {A^} combine to define a map 

( k4m E ® ^0 ■■ [C]g3 -^A^® [C]g™ 
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with the proper equivariance properties to induce a map of homogeneous functors 



Definition 9.3.1 (Rational Jets of Functors to DG). A rational jet consists of a symmetric 
sequence of DGs, {Vk G 'DQ^''}k>i, along with structure maps 

for every k and a G S^"*"^ invariant under S/j and S^+i in the sense that for tt e and r] G Sfc+i 
we have /^tt = /tto- and ry/^ = /a,,, and a system of coherent homotopies consisting of: 

• for every r G S^"*"^, a null homotopy of 

/t ~ ^ ^ /p/cr 

crp— T, 

Pfe-^fc + 1 

(the sum of fpfa over all of the ways of expressing r as a composition r = crp of elements 
P € ^fe+i) € S^"*"^), invariant under Sfe and in the sense above. 

• for every v G S^"*"^, a homotopy H^j of the two null homotopies of 

fv — ^ ^ fcj>fpf(T — ^ ' /</)/t = ^ ^ /y/ct 

(Tf)<i)—V. T<p=V, (7J—V, 

^^KXl ^^^tXl ^e^S? 

pei:l+l reE^+^ -e^^+i 

invariant under Sfc and in the sense above. 

• etc... 

With some patience it is possible to show that the obove collection of maps and homotopies is 
enough to determine (using the method outlined at the beginning of this section) a collection of 
maps and homotopies of homogeneous functors as in Theorem 9.2.6. It is somewhat harder to show 
that a collection of maps and homotopies as in Theorem 9.2.6 determines a collection of maps and 
homotopies as in Definition 9.3.1, and that the operations of moving between these are inverse up 
to weak equivalence. 

Recent work of Michael Ching suggests (though we have not explicitly verified) that the structure 
given in Definition 9.3.1 is precisely the structure given by a symmetric sequence of DGs being a 
right module over the Lie operad (see [MSS 1.13 and 1.28] for the definition of the Lie operad). 



9.4 Some Structure of Non- Rational Taylor Towers 

We may classify fimctors Top^ Spec in terms of their homogeneous layers and maps between them 
in much the same way as we did functors to VQ in Section 9.2. Further argument is required to 
analyze maps between homogeneous functors and their compositions or to classify functors to Top. 
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The following argument constructs a cube of fc-invariants given a finite tower of fibrations in any 
stable model category. If P„ ^ • • • — > P3 ^ P2 ^ -Pi = Di is a finite tower of fibrations with 
fibers Dk Pr Pk-i in the stable model category C, we may construct an (n — l)-cube of maps, 
X : V {n-1) ^ C as follows: 

[PnnniT) ii T ^ % 

Example 9.4.1. The case n = 4: In this case the cube X is 



Pa 

\ 

P3 

i" 
P2 

\ 

Pi 



P4 



Pi 



Ps 



Pi 



. Y 
Pi 



Pi 



Now we can create new cube by taking the total homotopy cofibers of faces of this cube. Define 
the (n — l)-cube X by 

X :T thocof (subcube under X{ n — 1 \ T)) 

Note that the objects in this cube are all either weakly equivalent to an iterated delooping of a fiber 
in the tower or else contractible. 

Example 9.4.2. The case n = 4. In this case the cube X is 

— ^ cDi ^ 

cDi \ ^ ccDi 

BD2 



-^cBD2 
B'^Ds ^ B^Di 



which is weakly equivalent to the cube 



Di 



BDo 



B^Ds 



B^Da 



(using the notation cA for the cone on A and BA for the delooping of A). 

We recover the top space of our initial tower of fibrations (up to homotopy equivalence) by taking 
the total homotopy fiber of this cube. 
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Theorem 9.4.3. This gives a classification of n-excisive functors Top^ Spec in terms of homo- 
geneous layers and structure maps between their deloopings along with a system of null homotopies 
of their compositions. 



9.5 Non-Rational Jets of Functors to Spectra 

Note that given two spectra with symmetric group actions A„ and Am (where At has a Sj-action) 
along with a S„-equivariant map of spectra An — > {Am A S™_|_)/(S^, we can construct a map of 
homogeneous functors using the (Em x S„)-equivariant map X^" A — > induced by the 

diagonal X ^ X A X as follows: Consider the composition 



A„ A X^" {Am A A X^" 

{Am A X^" A S™+)/.E„ {Am A X^^)hi:^ 

Each of the above maps are S„-equivariant, so their composition induces a map of homogeneous 
functors (A„ A {Am A X^-)^^^. 

If F is a functor Tbp^ Spec then the jet of F consists of the following data: 

Definition 9.5.1 (Jets of Functors to Spec). A jet is a symmetric sequence of spectra {Ak}k>i 
(referred to as "coefficients"), along with Sfc-equivariant maps (referred to as "structure maps") 

f,:A,^{n-'Ak+,A^t+\),^^^^ 
for all k and a system of coherent homotopies consisting of: 

• null homotopies H^'^^ of the compositions 
A, (fi-^A,+,AE^+%),^_ 

fk (fold) 

(Q- A,,, A SrV),,^^^ ^ {n-^ A,,, A ^IXl A E^V),,^^^,,^^^ 

• a homotopy Hj^~^^ between the two null homotopies of compositions 

A,^{n-'A,+sA^l+\)^^^^^ 

• etc... 

With some patience it is possible to show that the obove collection of maps and homotopies is 
enough to determine (using the method outlined at the beginning of this section) a collection of 
maps and homotopies of homogeneous functors as in Theorem 9.4.3. It is somewhat harder to show 
that a collection of maps and homotopies as in Theorem 9.4.3 determines a collection of maps and 
homotopies as in Definition 9.5.1, and that the operations of moving between these are inverse up 
to weak equivalence. 
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